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1.1 


Lecture  Note  1 


INTRODUCTION 


These  notes  on  Thermodynamic  s  of  Gas  Flow  will  be  concerned  with  a 
portion  of  that  branch  of  engineering  study  called  fluid  mechanics.  In 
order  to  become  oriented  %d.th  regard  to  the  realm  of  fluid  mechanics  to 
be  corered  herein,  the  different  realms  of  fluid  mechanics  are  listed 
below: 

(a)  Acoustics.  The  fluid  relocities  are  extremely  small  compared 
with  the  Telocity  of  sound,  and  the  Tariations  in  pressure,  temperature, 
and  density  are  also  rery  small. 

(b)  Meteorology.  The  fluid  relocities  are  extremely  small  compcured 
vrith  the  relocity  of  sound,  but  the  rariaticns  in  pressure,  temperature, 
and  density  are  of  significant  magnitude. 

(c)  Incompressible  Fluid  Mechanics.  The  fluid  relocities  are  small 
compared  with  the  relocity  of  soux)d;.the  rariations  in  temperature  and 
density  are  small,  but  the  rariaticn  in  pressure  may  be  significant.  It 
may  be  aho%m  that  the  error  produced  in  the  computation  of  pressvire  var¬ 
iations  by  neglecting  density  changes  (compressibility)  is  of  the  order 
of  one-fourth  the  square  of  the  ratio  of  the  stream  relocity  to  the  sound 
relocity;  thus,  this  ratio  may  be  as  great  as  0.2  (corresponding  to  a 
relocity  of  about  200  ft/sec  for  air  at  normal  atmospheric  temperature) 
before  the  computed  error  in  the  pressure  rariatlon  exceeds  one  per  cent. 

For  many'  problems  in  the  flow  of  gases,  the  ref  ore.  the  flow  may  with  little 
error  be  treated  as  incompressible. 

(d)  Compressible  Fluid  Mech*n*af>  The  fluid  relocities  are  apprec¬ 
iable  compared  with  the  relocity  of  soimd.  and  the  rariations  in  pressure, 
temperature,  and  density  are  all  of  significant  magnitude. 

The  latter  realm  of  fluid  mechanics,  often  called  Gas  Dynamics,  is 
the  principal  subject  of  these  notes.  Further,  the  study  herein  will  be 
restricted  almost  entirely  to  that  of  one-dimensional  flow. 


Beriew  of  Basic  Laws 

Since  the  study  of  fluid  flow,  no  matter  how  complicated,  is  based 
on  the  fundamental,  laws  of  conservation  of  omss.  Newton's  2nd  Law  of 
Motion,  the  1st  Law  of  Theniodsmamies,  and  the  2nd  Law  of  Thermodsmamics , 
these  will  be  our  tools  of  analysis.  It  is  quite  proper,  therefore,  to 
begin  our  study  with  a  review  and  clarification  of  these  laws  as  applied 
to  one-dimensional  fluid  flow  x’Z'oblems. 
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Consider  in  turn  then  the  laws  listed  below: 


Applied 

to*^ 

Law 

System  -  An  arbitrary 
collection  of  matter 
of  fixed  identity. 

Control  Tolume  -  An  arbitrary 
Tolune  at  a  fixed  location  it 
space. 

(1)  Conserration 
of  mass 

m-sconstant 

dt 

(2)  Newton's 

2nd  Law  of 
Motion 

r:.ma  =  2^ 
dt 

d(my) 

dt 

(3)  1st  Law  of 
Ibermodynamics 

A  ES  %  -  V 

(4)  2nd  Law  of 
Ihermodynami  c  s 

■^<f) 

ds^sq/T 

Xaoh  of  these  laws:. is  stated  in  the  first  instance  for  a  mass  of  fixed 
identity  and  the  mathematical  statement  of  the  laws  as  giren  abOTe  apply  to 
a  mass  of  fixed  identity  or  to  a  systam> .  In  fluid  flow  problems  it  is  use- 
fulcand  conTenient  to  hare  a  mathematical  statement  of  these  laws  as  they 
apply  to  an  arbitrary  Tolijme  at  a  fixed  location  in  space  or  to  a  control 

V*  desire  therefore,  to  delrelop  such  expressions  and  to  complete 
the  block  diagram  of  the  fundamental  laws  in  succeeding  notes. 


*  System  is  defined  as  an  arbitrary  collection  of  matter  of  fixed  identity. 
Control  Tolume  is  defined  as  an  arbitrary  rolume  ^t  £  fixed  location  in 
space. 
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2.x 


Thm  I«AW  of  CoaMTTatloa  of  Maas  states  that  bmss  ean  neither  be 
eireatad  nor  destroyed.  Thus  if  we  consider  a  quantity  of  ouitter  of  fixed 
identity  and  of  mass  m  we  can  write  for  this  system  that  the  mass  remains 
constant  or  does  not  wary  with  time  and 


Now  consider  using  this  equation  to  obtain  an  expression  applicable 
to  the  flow  of  fluid  throu^  a  control  Tolume. 

In  the  figure  herewith  fluid  is  flowing  throu^  a  duet.  Mark  out  a 
region  bounded  by  the  duct  vratlls  and  sections  (1)  and  (2)  and  designate 
this  region  as  the  control  Tolijme.  We  desire  to  obtain  an  eig;>ression  for 
the  deriratlre  dm/dt  when  applied  to  the  amss  system  of  fluid  which  at  time 


T 


Mass  system  contained  within  control  Tolxjme 


Masfi  system  not  coincident  with  control  ▼olisne 


M*  25i 


2.2 


Is  oontsinsd  in  ths  control  rolume.  Rsosll  that  by  definition 


where  ^  t  =•  t^  -  t^^ 

system  st  time  t^ 

31^^  mass  system  at  time  t^ 

Let  the  maas  contained  within  the  control  Tolume  at  any  instant  of  time  be 
desiffiated  as  1.  Notice  that  as  time  progresses  B  identifies  siasses  of 
different  identity.  This  (m)  is  not  to  be  confused  with  m.  m^  .  or 
which  refer  to  a  mass,  of  fixed  identity.*  ^  o 

In  order  to  eraluate  the  time  deriratiTe  of  m  we  notice  that  at  time 
t^  m  and  ff  are  identical  so  that 


On  the  other  hand  at  time  t^^  our  mass  system  is  not  completely  bounded 
by  the  control  surface.  ▲  small  portion  of  the  system*  denoted  by  ^  *'*out  * 
has  #0Ted  out  of  the  control  Tolume  while  a  much  larger  portion  is 
still  in*  and  occupies  most  of*  the  control  rolume.  Also  during  the  time 
At  a  mass  S  •  foreign  to  our  system*  has  floored  into  the  control  rolume 
as  indicated  in  the  figure.  Ve  note*  therefore*  that  at  time  t^ 

our  mass  system  consists  of  the  mass  in  the  control  region  less  the 
foreign  mass  ^  m^^  and  plus  the  mass  3  ™out*  gires 

®ti,=  -Sniin  -h  S®ouf 

Using  these  we  cem  %frite 


-  m^a  =  ttt^  -  ®t^  4.  g  g  m^^^ 


*By  the  Law  of  Conserratlon  of  Mass  but  it  does  not  follow  that 

-  dt 

^-0.  This  illustrates  the  point  that  the  law  applies  to  a  collection  of 


matter  of  fixed  identit: 


J 


! 


ME  7S1 

2*3 

S  "out 

A2^S2 

S**in  1 

^1^*1 

since,  by  making  Z^t  small  enough,  tha  density  and  cross-sectional  area 
throu^out  ^ffl  are  constant  and  equal  to  the  ralue  at  station  (1)  or 
station  (2).  Substituting  for  and  taking  limits  wa  obtain 

Hfn  - 

dt  “ 

Sf  C.T.  +■>*2  ‘2  ’^2 

irtxioh  atat^s  that  tha  rata  of  ohazi^e  of  our  mass  of  fixed  identity  equals 
the  rate  of  ohanea  of  the  quantity  of  masa  in  the  control  Tolune  p2u8  the 
net  outflow  of  mass  from  the  control  toIo;^.  Now  dm/dtv.  0  ao 


(1) 


Which  atatea  that  accumulation  of  maaa  in  e.r.s  maas  inflow  -  mesa  outflow* 

In  caaa  of  ataady  flow  )  »  0  and 

\dt  /c.w. 

*1  H  (1.) 

which  relation  fta  known  aa  tha  continuity  aquation.  Thua  wa  hawe  darelopad 
a  mathematical  atatamant  •  aqn  (1)  -  of  aaaa  conaerration  aa  applied  to  tha 
flow  of  fluid  through  a  control  ToluBaa* 


f 
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Lecture  Note  3 


SECOND  LAW  OF  KCTICN  AND  THE 
MOMBimiM  EQUATION 


3.1 


In  the  application  of  Newton's  Second  Law  of  Motion  to  fluid  flow 
studies  it  is  useful  to  have  a  mathematical  statement  of  the  law  vdileh  will 
directly  axply  to  flow  through  a  control  Yolume.  Starting  with  the  equation 


(Force  on  mass  system)^  i 


d  (Moaentum  of  mass  ayatml^ 
dt 


we  will  in  this  note  develop  a  "control  volume  expression  of  the  2nd  Law  of 
Mption*  following  a  procedure  completely  analogous  to  that  used  In  obtaining 
the  continuity  equation  or  "control  volume  expression  of  the  Law  of  Mass 
Conservation"  •  In  the  present  case  it  will  be  necessary  to  evaluate  the  time 
derivative  of  the  momentum.  M,  of  a  system  in  oonjuntion  with  flow  of  fluid 
through  a  control  volume.*  (See  footnote  page  3.2) 

Consider  flow  through  the  region  (control  volisne)  bounded  by  the  duct 
walls  and  the  sections  (1)  and  (2)  shown  in  the  figinre  below.  In  this 
derivation  we  require  that  the  stream  properties  at  (1)  and  (2)  be  uniform 
,  -across  each  respective  section  and  that  the  velocities  be  in  the  same 
direction. 


T 


Mass  system  contained  within  control  volume 


Mass  system  not  coincident  with  control  volume 
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3.2 


It  desired  to  eraluate  the  derlTatire 


d(momentum  of  maas)^ 
dt 


at  the  tlzne  t  uain^ 


d(momentdq^  of  inaaa).^ 
dt 


=.  liffl 
^t->0 


where  M  »  x^omentum  of  nutae  system  under  consideration. 

If  we  let  M s-x -momentum  of  fluid  contained  within  control  TOlume  at  any 
instant 


th.n  Mt^=-  Mt.  -  'l  S  “ln+  ^2  S  “°“t 


«t.=  »t. 


We  obtain,  therefore 

dM/dt  s  11m 

A 


’^“out)  " 


or  11m 

^  t-^0 


{ 

{C^  ^  (- 


m 


out 


-  Vi  ^m 


in 


^  t 


Thus  we  see  that  the  derivatire  depends  upon  two  terms : 


idiich  represents  the  rate  of  accumulation  of  x-momentuzn  within  the  control 
volume  and  / 

%  Sm 


which  represents  the  net  rate'^of 


‘^Of  outflow  or 


XHnomentum  for  the  control  region. 


*In  the  case  of  mass  conservation  we  evaluated  the  time  derivative  of  the  mass, 
m,  of  the  system.  It  is  interesting  to  note  further  that  that  derivative 
equaled  zero  in  accordance  with  the  mass  conservation  law  while  the  momentum 
derivative  equals  not  zero  but  the  force  on  the  system  in  accordance  with  the 
2nd  Law  of  Motion. 
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3.3 


Mow 


so 


At 

S"^ut  •  A  t 

dM/dt  sr  lim 
t->0 


(k-  aV  '  ■■ 


and  finally,  remembsring  that  the  force  on  the  mass  equals  this  derlTatlTs,  ws 
get  the  "control  rolume  expression  of  the  2nd  Lav  of  Motion  "cooinonly  called 
the  mcg>*»p<:^iwi  ecuatlon. 


mm  2.  2 

(Tores  on  K>8s)xS^  +^2^^2 


This  is  an  expression  for  the  force  on  the  mass  coincident  with  the  control 
region  at  the  instant  t^,  since  in  the  llnlt  t^*t^ 

If  the  flow  through  the  control  region  is  stsddy  then  there  is  no 
accumulation  or  diminution  of  znomentvun  in  the  control  Tolume  and 

^  »  0 
dt 

So  the  mcoientum  equation  for  steady  one  dimensional  flow  becomes 

- 2 - - - 2 - ^ 

Force  on  Massai^O^Vg  -  p  i^i^i- 


Concerning  this  equation  of  mooientum  Prandtl  and  Tietjens^  make  the 
remark.  "The  undoubted  ralue  of  the  theorem  of  momentum  lies  in  the  fact 
that  its  application  enables  one  to  obtain  results  in  physical  problems 
from  Just  a  knowledge  of  the  boundary  conditions.  There  is  no  need  to  be 
told  anything  about  the  Interior  of  the  fluid  or  about  the  mechanism  of  the 
motion.”  nils  statement  applies  equally  well  to  each  of  the  "control 
TOlume  equations." 

Application  of  Momentum  Equation 

Usually  the  situation  is  such  that  one  is  more  interested  in  the 
force  of  fluid  on  duct  between  section  (1)  and  (2)  than  in  the  force  on  the 
mass  system.  To  obtain  the  former,  denoted  by  scriptcJ^.  we  observe  that 
aziy  force  acting  on  the  mass  in  the  control  region  (neglecting  gravity)  will 
act  at  the  control  boundary  and  will  be  either  a  shearing  force  tangent 
to  the  boundary  or  a  pressure  force  acting  normal  to  the  boundary.  If  then 
we  make  a  traverse  of  the  control  boundary  at  a  given  instant  we  find  the 


*Prandtl-Tiet  Jens,  Fundamentals  of  Hydro-end  Aero -Mechanics,  page  233, 
McGraw-Hill,  1934- 
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3.4 


foroes  depicted  in  the  figxire  herewith  to  be  acting  on  the  mass  system 
at  that  instant*  Sunmin^;  the 


1^1 

(pdA) 


x-oomponent  of  these  forces  orer  the  control  TOlune  (c.t.)  boundary  we  obtain 
(Force  on  maes)^^  ^  (pdA)^^  ^ 


where  "tT  «  shearing  stress  at  mass  system  boundary* 
summations 


(pdA)^* 

walls 


Now,  expanding  the  two 


and 


duct 

walls 


1 

(-r'dA), 


(pdA)3^■^ 


(pdA). 


Therefore,  substituting;  the  expanded  summations, 

(pdA) 


(Force  on  mass)  s 

X  duet 

walls 


x’fduct  (pdA)jp^  Ag  (pdA) 

walls  * 
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Where  the  first  two  sunnatlons  represent  the  force  of  duet  on  fluid  (= 
Using  this  fact  then,  the  total  (force  ou  mass)^  i*  seen  to  be  made  up  of 
the  following  three  forces 


Thus  we  hare  found  two  expressions  for  the  (force  on  i&ass)^t 

(a)  the  expression  (Force  on  ~  ^2^2 

%rtiich  actually  represonts  an  identity  obtained  by  examining  the  i:ossible  forces 
acting  at  the  e.r.  boundary  and  svinming  these  forces  and 

(b)  the  equation  (Force  on  aiass)^  *^2^^2  “  '^l^l^ 

which  was  obtained  by  application  of  Nevrton's  law  of  motion. 

Combining  (a)  and  (b)  we  obtain  an  equation  for  the  force  of  fluid  on  duct  G^). 

-  (pgAg 

or 


%dxere  F  «  pAf’^^v  and  is  called  the  impulse  function.  Notice  that  F  is 
a  function  of  the  stream  properties  and  area  at  any  giTen  section  and  is 
therefore  a  function  of  position  along  the  stream. 


c 

.  .i 


MI  237 

L«eture  4 


rggT.  ujlst.  mgtfppwvqpg 


'4.1 


Th*  lAV  of  oonsorTAtlon  of  zMiaa  and  the  2nd  law  of  Itotion  haye,  in  the 
preeeadin^  notea,  been  writian  for  a  fixed  maaa  ayatem  following  which  tha 
continuity  and  Bcaientiim  aquation  ware  derelopad  for  a  control  Tolume.  It  ia 
propoaad  in  this  note  to  follow  the  same  procedure,  or  method  of  attack,  in 
handling  the  lat  Law  of  Tbarmodynaznles. 

n&e  first  law  of  thermodynamic  a  states,  ssrmbolically ,  for  a  maaa  if  fixed 
identity 

Heat  -  Work=.E^  - 

where  X.  >  E^  ia  the  change  of  internal  energy  of  the  maaa  system  in  state  b 
and  state  a  and  where  heat  andwrk  are.  respectirely ,  the  amount  of  heat  added 
to  and  the  amount  of  work  done  by  the  system  as  it  changes  from  state  a  to 
state  b«  Let  \ia  now  use  this  statement  to  derelop  an  eqviation  applicable  to 
fluid  flow  throu^  a  control  rolume. 

Consider  the  control  Tolume  below  botmded  by  the  solid  boundary  walls  and 
sections  (1)  and  (2).  In  apltliring  the  first  law  let  us  select  as  our  mass 
system  that  matter  bounded  by  the  control  Tolvme  at  time  t^.  At  time  t^  this 
system  has  moTed  to  the  position  shown.  The  change  of  internal  energy  of  the 
system 


Mass  system  contained  within  control  rolume 
O 
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during  this  change  of  state  is  (following  the  procedure  used  for  mass  and 
mcmentun) 


V 


V 


a 


cut  iB . 


where  the  bar  symbol  refers,  as  before,  to  the  energy  of  the  mass  in  the 
dontrol  rolume.  In  order  to  eraluate  ^  B^^^.and  simply  multiply 

the  mass  increments  that  hare  flowed  out  ana  into  the  control  rolisne  in  time 
^  t  by  the  internal  energy  per  iinit  mass  of  their  respectiTe  increments. 
Thus 

S  *out-  fi*ln  =  (>^T2At)«2  - 

SO  we  hare.  ^  substituting  into  equation  (1) 


Heat  -Work  — 
^  t  " 


('>^^^2^2  ^*2  "  ^“'^'^1^1  ^*1 


euid  for  steady  flow,  with  v  /^2^2  *t 


Heet«Work  _  Heat -Work 

w^t  unit  mass*  *2  *  ®i 


We  know  by  experience  that  the  •BSargJ  associated  with  a  unit  ol  xness  in  the 
presence  of  a  graritational  field  and  motion  is 

easu'^JL.  'fZg 
2 

where  u  is  the  Internal  energy  of  a  unit  mass  in  the  absence  of  potential- 
kinetic  effects  and  g  is  the  acceleration  of  graTity.  nius  we  hare 

Heat-work  l  .  ^  ^  (  .  ^1  ,  A  /-.x 

=  ^^2  ^*2«)  * 

Up  to  this  point  we  have  considered  only  the  right  hand  ^de  of  equation 
(!)•  Let  us  examine  next  the  left  side  and  in  particular  the  %rork  term.  As 
the  mass  system  passes  from  state  (a)  to  state  (b)  work  is  done  on  the  system 
boundaries  (i^ich  more  to  the  dashed  positions  of  state  b)  by  pressure  forces 
At  the  same  time  there  may  be  work  done  by  the  system  through  a  shaft  protrud 
ing  through  the  control  surface.  Ihus  we  may  write  for  the  work  term 

Work  sxuressure  force  work'f'shaf  t  work 
The  pressure  force  work  at  section  (1)  is 
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4.3 


s=  p 


(presBure  z  btm)^  z  (dlstemce  mored)^ 
‘  '  ^  >^”1"  * 
where  s  specific  rolune 


r  3 

-£tl  . 

Slu£ 


Sinfie  work  is  done  on  the  system  by  the  pressure  force  at  (1)  a  minus  sign 
is  included  abore.  In  like  manner  we  find  the  pressure  force  work  At  (2). 
Whence 

pressure  works  **2^2^ ^1*1  S*®!- 

Since  ^mmdansity  z  rolvune  AT^t  9  w^t  we  may  vnrite 

nressure  work 

- *  P2^2  -  Pl^L 

Now  the  left  hand  side  of  equation  (2)  takes  the  form 


Heat -Work 
W4^  t 


Heat-nreeaure  work-shaft  work  ^  Heat^hirft  work 
w/it  wAt 


This  result  combined  with  the  right  hand  aide  of  equation  (2)  gires  after 
transposing  and  using  the  definition  of  enthalpy.  haru^pT. 

Where  qm'heat  transfer  per  unit  mass 

W^^  shaft  work  per  unit  mass. 

This  equation  is  called  the  steady  flow  energy  e%uation  and  is  the 
matheiDatical  form  of  the  letrXaw  which  applied  to  flov  through  a  control  Tolume. 
It  may  be  of  interest  to  note  at  this  point  that  two  fundamental  laws  are  used 
to  obtain  the  steady  flow  energy  equation  -  the  1st  Law  of  Thermodynamics  and 
Newton's  2nd  Law  of  ^tion.  The  latter  enters  in  the  derelopment  of  the 
kinetic  energy  term  7^/2  which,  of  course,  was  not  corered  in  this  note» 
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Lecture  Note  5 


5.1 


COMBINATION  OF  THE  LAWS  OF  THH^MODYNAMl  CS  AND  OF  FLUID  MECHANICS 

FOR  INCOMIRHSSIBLE  FLUID  FLOW 

For  a  steady  flow  of  a  single  fluid  stream  throued^  a  control  auriaea 
fixed  in  space,  the  first  law  of  thermodynamics  and  Newton's  second  law  of 
motion  yield  the  energy  equation  for  steady  flow: 

Y  2  2 

(Ug-ePgYgf.  g  +■  gZg)  -  CS  Q  -  (1) 

Where  Q  denotes  the  heat  transfer  into  the  control  rolume  per  unit  mass  of 
flowing  fluid,  denotes  the  shaft  work  delirered  out  of  the  control  Yolvsne 
per  unit  mass  of  flowing  fluid,  the  subscript  2  refers  to  the  stream  leaving 
the  control  surface,  and  the  subscript  1  refers  to  the  stream  entering  the 
control  surface. 


If  the  sections  1  and  2  are  so  close  to  each  other  that  only  Infinitesimal 
effects  occur,  we  may  %n*ite  the  equation  in  differential  form: 


or .  since 


du^d(pv)*^dd+Tgdzssd(i  -  dW_ 
2  ^ 


d(pv)»  pdv^vdp 


equation  (2)  may  be  written 

du^pdv*lhvdp*f“d(V^/2)^  gdzsdQ  -  dWx 
or.  transposing  some  terms. 

dW  4"Tdp^^dCV^/2)'^gdz  »  dQ  •>  du  -  pdv 


(^) 


For  a  pure  substance  we  have  the  following  relation  between  properties, 
where  s  is  the  entropy: 

Tds*du4T>dT  ) 

Tiie  second  law  of  thermodynamics  may  be  introduced  by  the  relation 

tC^^Tds^  du“+T?dT  (6) 

which,  when  inserted  into  equation  (3)t  yields 
dQ  -  du  -  pdv^t} 

Combining  equations  (7)  and  (4a).  we  obtain 
dW^^  -  ^p+ d(V^/2) -f-gd^ 

or.  In  Integral  form.  p  2  .  2 

▼dp  — IJ -i _ -f-  e(a2  •  *i^J 
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5.2 


This  •quation,  which  places  a  limit  oa  the  maximum  shaft  work  which  may 
be  dolirered,  is  not  easily  evaluated  in  practice  because  one  seldom  knows 
how  the  density  varies  with  pressure.  If  the  fluid  is  incompressible,  however, 
we  obtain  inmedlately  (usine/^«il/v) :  . 


*■  ‘♦'“T  +■**2) 


or.  introducing  the  definition  of  the  head.  H.  in  len^fe  units. 


(9) 


(10) 


we  have 


(11) 


Under  conditions  of  thermodynamically  reversible  flow,  for  which  friction 
would  be  excluded,  only  the  equality  sign  is  applicable  in  equation  (6).  and 
hence  equation  (11)  becomes 


-«2>  (12) 

Furthermore,  if  the  shaft  work  is  zero  between  sections  1  and  2.  equation 
(12)  shows  that  for  reversible  flow  the  head  H  is  constant.  This  result  is 
essentially  the  statement  of  the  Bernoulli  equation,  since  the  head  H  as  de¬ 
fined  by  equation  (IP)  is  identical  with  what  is  called  the  Bernoulli  number 
of  the  streamline. 


Ihe  form  of  equation  (11)  suggests  that  we  define  the  "lost  head 
H/12  tar  the  expression 


a|<- 


-  W 


rev 


:>=«!  -  «2  - 


t 


(13) 


By  ccxaparlson  of  equations  (11)  and  (I3)  it  is  evident  that  must  always 
be  a  positive  number  or  zero.  Ihe  lost  head  is  associated  with  frictional 
effects,  and  its  magnitude  may  usually  be  found  only  throng  tkperlment. 

Application  to  Flow  in  Piping  Systems.  A  piping  system  usually  comprises 
straight  lengths  of  pipe,  elbows,  reducers,  and  other  fittings.  There  are 
losses  of  head  through  these  various  components,  and  to  keep  the  fluid  flowing 
requires  the  use  of  a  pump,  compressor,  or  fan.  An  important  desi^  problem 
therefore,  is  to  estimate  the  total  loss  in  head  through  the  piping  system. 

Since  there  is  no  shaft  work  associated  with  any  element  of  a  piping 
system  equation  (I3)  becomes 

“1  ■  "2=  "/is  (I'*) 


For  the  fluid  velocities  conznonly  used  in  engineering  practice,  the  lost 
head  in  a  component  is  approximately  proportional  to  the  velocity  head, 
hence  we  may  define  , 

c  4  -Ei. 

vV2g 


(15) 
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5.3 


%#h«r«  C  ia  a  lost -head  ooaffiolent.  Tha  Talus  of  C  dapaads  to  soma  axtsnt 
on  tha  Telocity,  density,  nature  and  size  of  ^ha  fitting,  and  nature  of 
the  approach  flow  to  the  fitting,  but  in  must  eases  C  changes  by  only  small 
amounts  %rith  changes  in  these  Tariablss, 


Approximate  Tslues  for  C  for  Tarious  types  of  fittings  are  listed 
below I 


Fitting 


C 


45 ^eg*  elbo%ra 

90-deg.  elbows  •  standard  radius 
90-deg.  elbows,  medium  radius 
90-^eg.  elbows,  long  sweep 
90-deg.  square  elbows 
Tee 

l80-deg«  return  bend 
Open  gate  tsItc 
Open  globe  TalTe 
Open  angle  TalTe 

Sudden  contraction  from  infinitely  large  pipe 
Sudden  expansion  to  infinitely  large  pipe 
Straight  pipe 


0. 3-0.4 

0.7-0. 9 
9.5 -0.8 

0.4-0.6 
1. 0-2.0 
1*0-2. 0 
1.0-2. 0 
0. 1-0.2 


6-9 

3-5 

0.5 


0.01  h  - 


o 


04 


h 


For  the  straight  pipe,  L  refers  to  the  length  of  pipe  and  D  to  the  diameter. 


Ibe  total  losslin  head  for  a  complete  piping  system  is  the  sum  of  the 
losses  for  the  IndlTidual  components. 


Application  to  Hydraulic  Turbines  The  efficiency  of  a  hydraulic  turbine  is 
defined  as  the  ratio  of  the  actual  shaft  work  deliTered  to  the  work  which 
would  be  deliTered  under  reTersiblo  conditions  for  the  same  change  in  headi 


iturb  = 


bturb 


17 


turb 


) 


reT, 


(16) 


From  equation  (12).  howeTer. 

('"^turb^j.^^=’  8(^1  “  ^2^ 

so  that 


urb  — 


.turb. 


g(H^-H2) 


(17) 


Using  equation  (13).  the  turbine  efficiency  may  be  expressed  in  terms 
of  the  losses' in  the  turbine. 


77  *^turb 

^turb  “  ”  H2) 


^turb  1 _  (18) 

-turb  '1  ^^^'turb 

^turb 
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from  which  %re  £^t 


5.4 


urb 


turb 


'  ^^ttirb 


(19) 


Application  to  Pumpc  and  Fane.  For  incompreaaibla  flow*  the  efficiency  of 
a  pump  or  fan  is  defined  as  the  ratio  of  the  reTersible  shaft  work  input 
for  a  giTen  increase  in  head  to  the  actual  shCLft  work  input  to  the  machine: 


r  pump  m  y 


'pmp 


(20) 


from  equation  (12),  kafverar,  we  may  %rrite,  upon  noting  that  the  thermodynamic 
shaft  work  is  the  negatiwe  of  the  work  input,  that 


(W 


pump 


)  rev  ^  ^2  “  ^1  ^ 


so  that 


f  pump 


g(Hg  -  H^) 


W. 


(21) 


pump 


We  now  relate  the  efficiency  to  the  losses  by  introducing  equation 
(13)  in  the  form 

"pump  =  -  »»x  »  8<«2  -  “l-*-  «y  ) 

pump 


so  that  ve  obtain 


>)  -  *^PUmP 

{ pump  -  w  • 


1 


pump 


pump 


(22) 


from  vAiich  we  get 


w  J  1  -  ypunp 


’piBDp 


(23) 
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Leotiire  Note  6 


TOE  VELOCITY  QT  SOUND 


6.1 


(1) 


The  Tarietionof  fluid  density  in  a  compressible  fluid  flow  field  is 
generally  the  result  of  pressure  Tsristion  throughout  the  flow  field.  It 
ffll^t  be  expected  therefore  that  the  rate  of  change  of  density  with  respect 
to  pressure  (d^/dp),  compressibility  factor,  is  an  important  parameter  in 
compressible  fluid  flow  studies.  Such  is  the  case  and,  as  we  shall  see,  this 
deriwatiTa  is  connected  closely  with  the  propagation  Telocity  of  small 
disturbances  its  reciprocal  being  equal,  in  fact,  to  the  square  of  Telocity 
of  sound  (dp/dV^a^). 


Let  us  now  dsTelop  the  speed  of  sound  or  the  Telocity  of  an  infinitesimal 
pressure  waTe  proceeding  along  a  pipe  of  uniform  cross-section.  This  waTe 
mi^t  be  considered  to  hsTe  been  initiated,  for  example,  by  a  slight  inward 
motion  of  a  piston  at  the  left  hand  end  of  the  pipe.  The  deTslopment  to 
follow  will  illustrate  also  the  application  of  the  "control  Tolume  equations” 


waTe  front  moTing 
Telocity  a 


(  at  Teloc: 


'  ■  > 

P  tdp  '  , 


« 

m 

o 


VI 


7 


A 


e  i 
► 


./.Z _ 

V«  0 

P  . 


~7- 


Variation  of  pressure  and 
Telocity  of  fluid  at  a  giTsn 
instant  of  time.  (Obserre  at 
rest  with  respect  to  duct) 


Variation  of  pressure  and 
Telocity  of  fluid  at  any 
instant  (ObserTer  at  rest 
with  respect  to  vmiTe  front) 


(1)  This  note  reproduced  from  mimeograph  notes  by  A.  H.  Shapiro,  M.  I.  T. 
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6.2 


d  th«  fiffur*  OB  th«  )Jeft  aboro  the  war#  front  la  aasumad  to  propagata 
to  tha  right  with  a  Toloeltj  a.  Tha  fluid  throu^  whie^tia  waTa  front  haa 
paasad  ia  at  a  praaaura  (p  ‘f’  dp),  haa  a  danaity  moTea  to  tha 

right  with  a  ralooity  dT.  Tha  fluid  into  which  tha  wara  ia  propagating  has 
a  j>raaaure  p,  a  danaity  and  ia  motionleaa.  Thia  frame  of  raferance  ia 
ona  of  *unataady  motion”  ainoe  aa  time  progressas  the  atnaam  properties  at 
a  giTan  duet  aaetion  rary  with  time. 

To  aimplify  the  analyaia  let  ua  assume  the  point  of  riew  of  one  traweling 
with  the  wawe.  To  this  obaerrer  the  ware  appeara  at  reat  and  the  proceaa 
appeara  ateady  as  shown  on  the  right  in  the  figure  abowe.  Fluid  flows  steadily 
from  righ^  left  approaching  the  %«aTe  front  at  a  Telocity  a  and  leawing  with 
a  Telocity  (a  -  dY)  \diile  the  fluid  pressure  aivi  density  changes  from  p  and 
to  p  dp  and>^  reapectiTely,  across  the*  ware. 

For  purposes  of  analysis  consider  the  infinitesimal  waTe  front  many 
times  enlarged  and  draw  a  control  surface  about  the  ware  fr^nt  region  to 
get  control  Tolume  shown  in  the  figure  below. 


(2) 


(1) 


^  ^  ^  ^  ^ 

X  waTe  front 

(a-dV) 

(p^dp) 

>®)  1 

- 

1 

1 

1 _ 

1 

IP*^ 

■zr- 


-  — 


control  surface 


(pf^dp)A  ^ 


r 


- 1 

mass  I 

system  I 

with  i 

forces  I 

acting  I 

thereon 


Let  ua  apply  the  momentum^  and  continuity  equation  to  the  steady  flow  throu^ 
this  control  Tolume.  We  haTe  by  the  momentvun  equation  (taking  direction  of 
fltiid  Telocity  to  left  c.s  positiTe  and  denoting  the  inlet  section  as  1  with 
outlet  indicated  by  subiicfipt  2) 

(Force  on  mass)^  (Vg  ” 

While  the  continuity  equation  states 

>0lVl=/’2V2 

For  the  case  under  consideration 

-  a  Vg  *  a  -  dV 

A^  »  Ag*  A 

(Force  on  ma8s)^s  pA  -  (p  •♦*dp)A 


I 
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Substituting  thess  into  equation  (1)  and  (2)  glTea 

pA  -  (p>l-  dp)  A  a  (a  -  dV  -  a) 

^A  a  =  (  A  (a  -  dV) 


Simplifying 


-y®. 


or,  finally, 


dp  •  ^a  dV 

^  ^  H-.O.T. 

0»  -^dV-l-a  d-A'-  (d/^(dV) 


dp  -  2 


(la) 

(2a) 


(lb) 

(2b) 


nie  ratio  ia  written  as  a  partial  deriTatlTe  at  constant  entropy  because 
the  TariatTdn  in  pressure  and  tempera tiire  are  Tery  small  and,  consequently, 
the  process  ia  nearly  reTersible.  Moreorer,  the  rapidity  of  the  process, 
together  with  the  amc.llness  of  the  temperature  Tariations,  makes  the  process 
nearly  adiabatic.  In  the  limit  the  process  may  be  considered  both  rerersible 
and  adiabatic,  and  therefore,  isentropic. 

For  a  perfect  gas  we  have  the  isentropic  relation 


»  \  ic  **  constant  • 

) 

Putting  this  into  logarithmic  form,  differentiating,  and  noting  that  p«y^RT, 
we  obtain  . 

In  p  -  k  In^s  constant 


-  kRT 


Thus  we  get  for  the  Telocity  of  sound  in  a  perfect  gas 


=r  V kRT. 


In  the  cass  of  air  with  k*1.4  B-1713  ft£. 


a*49*l 


sec^  ^ 
(T  in  °R) 


this  becomes 


where  units  to  be  associated  with  49*1  are  ft 
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6.4 


Pre«»uro  Propagation  from  •  Point  Disturbance 

nie  physical  significance  of  the  sotind  Telocity  may  be  Illustrated  by 
considering  the  uniform  linear  motion  of  a  point  source  of  disturbance  through 
a  compressible  mediixn.  At  each  Instant  of  time  the  point  soiirce  may  be  imagined 
to  emit  an  infinitesimal  pressure  wave  which  spreads  spherically  with  the 
speed  of  sound  from  the  point  of  emission.  Die  pressure  pattern  which  exists 
at  any  instant  is  then  found  by  superposition  of  all  the  pressure  pulses  which 
were  previously  esiitted. 

The  accompanying  figure  shows  several  patterns  as  seen  by  an  observer 
moving  with  the  point  disturbances.  In  each  pattern  the  point  0  represents 
the  present  location  of  ^he  point  disturbance,  the  point  -1  represents  the 
location  one  unit  of  time  previously  and  so  on.  For  each  of  these  previous 
locations  there  is  drawn  a  concentric  circle  showing  the  extents  to  which 
the  corresponding  wave  has  spread.  Foi*  example,  to  find  the  present  location 
of  the  wave  %diich  was  emitted  at  time  -3  a  circle  is  drawn  with  >3  **  * 
center  and  with  a  radius  3*^t  where  t  is  the  unit  of  time.  The  distance 
between  point  -3  and  point  0  is  then  given  by  3  where  V  is  the  velocity 
of  the  point  disturbance  with  respect  to  the  medium. 

For  a  stationary  source,  shown  in  Figure  (a),  the  pressure  change 
spreads  uniformly  in  all  directions.  When  the  source  moves  at  subsonic 
speeds.  Figure  (b),  the  pressure  disturbance  is  felt  in  all  directions 
and  at  all  points  in  space  (neglecting  dissipation  due  to  viscosity)  but 
the  pressure  pattern  1  no  longer  symnetrical . 

For  supersonic  speeds  Figure  (d)  indicates  that  the  phenomena  are 
entirely  different  from  those  at  subsonic  speeds.  All  the  pressure  distur¬ 
bances  are  included  in  a  cone  which  has  the  point  soiirce  as  its  apex,  and 
the  effect  of  the  disturbance  is  not  felt  upstream  of  the  source  of  disturbance. 
The  cone  within  wh^oh  the  disturbances  are  confined  is  called  the  Mach  cone. 
Figure  (c)  shows  the  pressure  pattern  at  the  boundary  between  subsonic  and 
supersonic  flow,  that  is,  for  the  case  ^ere  the  stream  velocity  is  identical 
with  the  somd  velocity. 

Figure  (d)  illustrates  the  three  rules  of  supersonic  flow  proposed 
by  vonKarman*.  Diese  rules  apply  only  for  small  disturbances,  but  are 
usually  qualitatively  applicable  for  large  disturbaaces. 


**Supersonie  Aerodynamics— Principles  and  Application*,  by  Th.  ¥onKarman, 
Journal  Aero.  Sco.,  Tol.  14»  so.  7  (1947)  pg»  373 
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6.6 


a.  Ttia  Rxile  of  lorbldden  Slimala.  affect  of  praasura  oh-ingas 

produced  by  a  body  moTlng  at  a  apaad  faatar  than  aoimd  cannot  reach  points 
ahead  of  the  body. 

b.  TRie  Zone  of  Action  and  the  Zone  of  Silence.  A  stationary  point 
source  in  a  supersonic  stream  produces  effects  only  on  points  that  lie  on 

or  inside  the  Mach  cone  extending  downstream  from  the  point  source.  Conrerae- 
ly.  the  pressure  and  relocity  at  an  arbitrary  point  of  the  stream  can  be 
influenced  only  by  disturbances  acting  at  points  that  lie  on  or  inside  a 
cone  of  the  same  rertez  angle  extending  upstream  frcxn  the  point  considered. 

c.  The  Rule  of  Concentrated  Action.  The  proximity  of  the  circles 
representing  the  different  pressiore  impulses  in  the  figxire  is  a  measure  of 
the  intensity  of  the  pressure  disturbance  at  each  point  in  the  field  of  flow. 
Thus,  for  the  stationary  source,  the  Intensity  of  the  disturbance  is  synmet- 
rical.  In  the  case  of  the  supersonic  source,  we  have  the  rule  of  concentrated 
action:  the  pressure  disturbance  is  largely  concentrated  in  the  neighborhood 
of  the  Mach  cone  that  forms  the  outer  limit  of  the  zone  of  action. 

The  configurations  shown  may  easily  be  observed  in  the  form  of  gravity 
waves  on  a  free  water  siurface  when  a  sharp -pointed  object  is  drawn  through 
the  water  at  varying  speeds. 

The  Mach  Mumber 

In  the  preceding  section  it  was  shown  that  the  nature  of  the  flow 
pattern  depends  on  the  relation  between  the  stream  velocity  and  the  sound 
velocity.  The  ratio  of  these  two  velocities  is  called  the  Mach  Number.  Thus, 

M*V/a 

The  speed  of  sound  in  this  equation  is  to  be  taken  at  the  local  temperature 
and  pressure  of  the  stream,  and,  of  course,  varies  from  point  to  point  in 
the  flow  field. 

The  semi -angle  of  the  Mach  cone  (figure  d)  is  related  to  the  Mach 
Number  as  follows: 


oC»  - 

Note  that  the  Mach  angle  is  imaginary  for  subsonic  flow« 

From  the  preceding  section  we  see  that  the  Mach  Number  is  a  criterion  of 
the  type  of  flow  pat  team.  Later  it  will  be  shown  that  it  is  a  convenient 
parameter  that  will  appear  in  our  working  equations. 
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Lecture  Note  7 


TOTAL  H)BSSIR£  AND  TOTAL  TB4FENATURX* 


7.1 


nie  purpose  of  this  note  Is  to  introduce  the  concept  of  totsl  t  eaq>ersture , 
total  pressure,  p^,  and  to  shov  that  the  ratios  of  static  to  total 
temperature  (T/T^)  and  static  to  total  pressure  (p/Pq)  are  each  funetions  of 
Mach  Number. 


Total  Temperature 


Consider  the  steady  flar  energy  equation 

2' 


r  Q 


X' 


The  kinetic  energy  terms  may  be  combined  with  enthalpy  to  form  a  new  term, 
total  enthalpy,  h  .  Thus 

>>0= 

If  the  flow  under  consideration  is  that  of  a  perfect  gas,  then 

d  h  m.  CpdT 

and  d  h^  as  c  dT  4.  d 

o  D  »  o 


Where  T. 


or  d  h^cs  CpdT^ 


and  is  defined  as  the  total  'temperature. 


The  physical  significance  of  total  temperature  may  be  illustrated 
by  the  use  of  the  following  figure.  If  in  the  figure  an  obserrer  shoiild 
trarel  with  the  slug  of  gaa  shown  at  the  same  velocity  aa  the  gas  he  would 
be  cognizant  only  of  the  random  motion  of  the  molecules.  Hence,  since  the 
static  temperature  and  pressvire  result  from  the  random  motioh  of  the  gas 
molecules ,  the  observer  would  sense  static  values  of  temperature  and 
pressure.  In  a  flowing  gas  the  molecules  have  superimposed  on  their  random 
motion  the  directed  motion  of  the  flow.  The  kinetic  energy  of  the  directed 
motion  is  the  cause  of  the  difference  between  the  static  and  total  temperature. 


•  Reference:  pp.  20-21,  AAT  TB  5514 
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NCZXE  DESIGN 


8.1 


By  simple  area  flow  we  mean  the  one  dimensional  flow  of  a  perfect  pas 
in  the  absence  of  friction  or  heating  effects.  This  type  of  flow  satisfies  tiie 
following  conditions: 

1.  frictionless 

2.  adiabatic 

3  •  one  diibensional 

A  simple  area  type  of  flow  may  be  used  to  accelerate  the  stream  flow  or  to 
decelerate  the  flow  velocity.  The  flow  passages  producing  these  effects  are 
called  nozzles  (accelerate  flow)  and  diffusers  (decelerate  flow)  respectively. 

Consider  a  simple  area  flow.  The  equations  satisfied  by  this  flow  are 

2  p  =»fRT  (state) 

T-4*— •=:  T_  T  «  constant  (energy) 

2Cp  ^  ^®p  o 

w*  ^  AV  (continuity) 

k 

Pi  \T^  /  (2nd  Law) 

where  subscript  (1)  designates  conditions  at  the  inlet  to  the  flow  being 
considered  and  no  subscript  denotes  any  station  dovmstrecun  from  the  ixilet. 

Since  thereare  five  variables  in  the  above  foix*  equations  (p,  ^  .  T,  V,  and  A) 
we  may  select  one  as  an  independent  variable  and  find  »ich  of  the  remaining 
four  in  terms  of  this  one.  Practical  problems  generally  fall  into  either  one 
of  two  classes. 

(a)  It  is  desired  to  pass  a  given  mass  rate  of  flow  with  minimum  losses 
between  two  regions  of  different  pressures  with  some  assisned  variation 
of  pressure,  say  linear,  betvreen  the  two  regions. 

(b)  Given  a  nozzle,  %diat  mass  rate  of  flow  and  pressure  distributions 
will  exist  through  this  passage  of  variable  area  for  vai  lous  pressure 
ratios  applied  across  the  unit? 
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In  case  (a)  our  independent  or  known  Tarlable  is  pres.ure,  p.  In  case  (b) 
our  quantity  of  known  variation  is  area,  A.  Ve  shall  consider  each  case  in 
turn. 


As  an  illustration  of  case  (a)  consider  the  following;  example. 

Example  (a)  It  is  desired  to  expand  0.62  slugs  of  air  per  sec.  reversibly 
and  adiabatically  between  a  reservoir  and  exhaust  region  with  following 
conditions. 

p^—  300  psia  Passage  length  =5" 

7^=560®  R  Exhaust  region  pressure  =  40  paia 

— 100  ft/sec.  Linear  variation  of  pressure 

from  reservoir  to  discharge  region 

w=^0.62  slugs/sec 

Design  a  nozzle  to  meet  above  requirements. 

Solutions:  Of  the  five  variables  in  the  four  applicable  equations  one, 
the  pressure,  is  kno%m  throu^out  the  flow.  Hence  we  have 
four  equations  in  four  unknoivns.  To  determine  the  area  at  any 
particular  station  we  proceed  as  follows: 

Combine  continuity  and  state  equations  and  evaluate  and  then 


II 

> 

(1) 

(state  and  continuity) 

(2) 

(energy) 

(2nd  Law) 

T  =  To(p/p^)  k 

(3) 

With  p  known,  use  (3)  to  find  T  at  any  given  station.  Then  equation  (2)  gives 
V  at  this  station.  For  these  values  of  T  and  V  along  with  the  known  values  df 
w  and  R  equation  (1)  gives  the  requisite  area  of  the  nozzle  at  the  selected 
station.  And  so  forth  for  any  station. 

The  results  of  the  example  may  be  summarized  in  the  form  of  a  plot  p/p^ 
v/A,  At  V  and  Mach  number,  M,  versus  nozzle  station  along  with  a  t-s  diagram 
of  the  expansion  process. 


!  I 


J 
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Station 


S 


T^ese  gcmglhm  illustrate 

a)  To  deorease  pressure,  sections  of  decreasing  area  are  required  until 
a  pressxire  of  pja0«528  is  reached.  For  reduction  of  the  stream 
pressure  below  this  value  a  passage  of  direrging  ares  is  required. 

b)  For  p/p^^  0*528  we  have  and  for  p/p^^  0,528  we  hare  M  >1 

which  indicates  that  in  subsonic  flow  the  pressure  decreases  with 
decreasing  area  and  vice  versa  for  supersonic  flow. 

o)  Ihe  stream  Telocity  increases  continuously  through  the  nozzle.  Thus 
we  may  say  that  in  subsonic  flow  a  conrerging  area  accelerates  the 
flow  and  that  a  direrging  area  accelerates  the  flow  in  supersonic  flow. 

d)  Ihe  area  decreases  to  a  minimum  (throat)  and  then  increases. 

e)  At  the  throat  of  the  nozzle  M»l,  p/p^s  0.528,  and,  obviously, 
w/A  is  a  maximum. 
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expansion  process  throufiih  the  noszle  is  shown  as  a  solid  yertical 
line  on  the  T-s  diagram  from  the  pressure  p^  to  the  exit  pressure.  Ttf  ralue 
of  the  stresm  pressure  and  temperattnre  at  the  throat  of  the  nozzle  are  indi¬ 
cated  on  the  diagram  by  p.|;^  and 

Haring  designed  a  nozzle  to  meet  certain  operating  conditions,  it  is  now 
of  prectical  end  ecademic  interest  to  inrestigate  the  charset  eristics  of  the 
nozzle  when  operating  at  other  than  designed  conditions,  for  example 

w^O.62  aluga/see.,  ^300  psia,  and/or  region psla. 

This  problem  comes  under  ease  (b)  noted  abore  and  will  be  considered  next. 
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Lecture  Note  9 

NOZZLE  OiERATTNG  CHARACTERISTICS 

Aa  an  illuatratlon  of  the  type  of  problem  coming  under  class  (b)  as 
listed  in  the  preceding  lecture  note  consider  home  problem  9.I  which  deals 
%rlth  the  following.  Giren  a  nozzle  with  kno%m  inlet  total  pressure  and 
total  temperature  at  what  mass  rates  of  flow  and  for  what  corresponding 
exhaust  region  pressures  will  it  operate  rerersibly  and  adiabatlcally? 

Probably  the  simplest  way  to  InTestigate  this  question  is  to  deal 
with  a  single  equation  which  in  itself  contains  the  restrictions  placed 
on  the  flow  by  continuity,  1st  Law,  equation  of  state  and  2nd  Law.  The 
four  applicable  equations  may  be  combined  into  a  single  equation  as 
follows.  Ve  hare 


w 

RT 

(1) 

(eont.  and  state) 

(2) 

( energy ) 

.k/k-1 

(3) 

(2nd  Law) 

Squatlon  (1)  may  be  written 


wherein 


A  RT 


V=Nf2Cp  (Tq  -  T) 


\ 


P  O 


1  -  JEl 


k-lA 


and 


T  s  /J2-  \ 


k-l/k 


Substituting  these  jsxpressions  for  p,  V,  and  T  we  obtain  after  simplifying 
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If  then  this  equation  is  satisfied  at  erery  section  of  the  flow,  it 
follows  that  the  conditions  imi.osed  upon  the  flow  by  the  1st  Law.  2nd  Law. 
continuity  equation,  and  state  equation  are  satisfied.  With  and  Tq 
known  in  any  f^iren  flow  we  may  effect  a  graphical  solution  of  the  abore 
equation  by  plotting  (w/A)  rersua  (p/p  )  where  the  latter  may  in  the  physical 
problem  vary  from  0  to  1.  A  graph  of  the  relation  w/AsfCp/p^)  is  given 
below  for.  of  course,  some  assuned  value  of  p^  and  T^. 


With  the  above  plot  values  of  w/A  and  p/p^  satisfying  the  equation 
w/A^fCp/p^)  may  be  easily  found.  Ibe  ratio  of  w/A  may  be  determined  at 
any  station  of  a  given  nozzle  with  w  known.  Entering  the  graph  with  this 
predetermined  value  of  w/A  we  find  the  value  of  (p/p  )  that  must  exist  at 
the  nozzle  station  selected.  The  ratio  of  p/p^  along  with  and  p^  fix  the 
state  of  the  fluid  at  this  section. 


It  is  to  be  noticed  on  the  plot  that,  for  a  given  value  of  (w/A).  (p/p^) 
Is  not  uniquely  determined.  In  any  particular  problem  we  can  however  by 
examining  the  physical  aspects  of  the.  flow,  determine  which  value  of  (p/p^) 

Is  applicable. 

As  an  illustration  assume  a  nozzle  is  discharging  air  from  a  large 
reservoir  isentropically  with  maximum  mass  rate  of  flow  existing  through 
nozzle.  Plot  the  pressure  distribution  throu^  this  nozzle. 

With  the  reservoir  pressure  and  temperature  known  a  plot  of  w/A  versus 
p/p  may  be  made.  Then  with  mass  rate  of  flow  through  nozzle  known  we  can 
for ^nozzle  sections  b.  o.  d,  e.  and  f  measure  area  and  determine  (w/A). 

With  this  value  of  w/A  corresponding  values  of  p/Pq  are  read  from  w/A  -  p/p^ 

plot  above. 


Ml  ?57 


9.3 


Beginning  at  tha  reaerroir  p/p.-  1*  than  as  VA  Inereaaea  p/p.  daereasea 
from  a  to  b  to  e  at  throat  as  Indicated  on  w/A  -  p/po  plot.  After  raadhing 
tha  nozzle  throat  tha  ratio  w/A  decreases  again  and  now  there  may  physically 
exist  either  ralue  of  the  (p/p^)  corresponding  to  a  giren  w/A  with  a  contin¬ 
uous  wariation  of  pressure  through  the  nozzle  being  maintained,  nius  at 
section  d  the  pressure  may  be  that  corresponding  to  d  or  d'.  The  final 
pressiire  distributions  that  may  exist  for  reTersible  and  maximum  mass  rate  of 
flow  are  shown  in  the  sketch  below  as  solid  lines. 


Nozzle  station 


Suppose  now  the  nozzle  to  be  operating  with  v  less  than  maximum. 
Proceeding  in  the  meuiner  described  aboTe  the  pressure  distribution  indicated 
by  the  dashed  line  on  the  sketch  is  obtained.  Since 

"■  ’(t) 

a  Mach  number  scale  may  be  placed  along  the  Tertical  ordinate  of  the 
graph.  This  scale  indicated  in  what  Mach  number  range  the  nozzle  is 
operat ing . 
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9.4 


Th«  aboTe  example  llluatratee  that  for  aa  exhaust  region  pressure 
between  Pf,and  there  is  no  solution  of  the  relation  (v/A)  *  f  Cp/p^)  hence 
it  is  impossible  to  hare  reYerslbls  flow  through  the  nozzle  in  this  range 
of  es^ust  region  pressures.  Physically  it  is  possible  to  hsTs  a  dissharge 
region  preasvire  in  this  range.  Vihat  happens  when  such  an  exit  region  pressure 
does  exist?  To  answer  this  question  let  us  discuss  the  operating  charac¬ 
ter  istics  of  a  nozzle  used  as  a  hi^  speed  wind  tunnel. 

The  figure  below  shows  a  wind  tunnel  which  operates  intermittently  by 
means  of  an  eTaeuated  reserroir.  nie  atmosphere  acts  as  the  supply  region 
from  which  air  IS  dra%ni  through  the  eonrergent  section,  test  section,  and 
diffuses  into  the  eracuated  reserroir.  Below  the  sketch  of  the  tunnel  there 
is  indicated  the  pressure  distributions  throu^  the  tunnel  for  seren  different 


During  the  operation  of  the  tunnel  seven  distinct  conditions  present 
themselves • ^ 


^Paraphrase  of  pp.  3-3.  Part  I,  High  Speed  Aerodynamic  Lecture  Series  by 
Dr.  B.  H.  Goethert. 
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1.  For  condition  one,  wherein  the  pressure  in  the  reservoir  is  less 
than  the  pressure  in  the  end  of  the  diffuser,  the  tunnel  is  operating  at 
msximim  rate  of  flow  with  subsonic,  sonic,  and  supersonic  flow  in  the  con¬ 
vergent,  straight,  and  divergent  sections  of  the  nozzle  respectively.  The 
transition  of  the  diffuser  pressure  to  the  lower  reservoir  pressure  is  achieved 
through  a  system  of  expansion  waves* 

2.  For  condition  two,  wherein  the  pressure  in  the  reservoir  has  been 
increased  to  the  diffuser  outlet  pressure  by  the  inflowing  air,  no  pressuri 
disturbance  occurs  at  the  diffuser  end* 

3*  For  condition  three,  %dierein  the  pressure  in  the  reservoir  has  be- 
ccme  greater  than  the  diffuser  outlet  pressure,  the  transition  to  the  greater 
reservoir  pressure  is  produced  by  an  oblique  shock  wave  with  flow  upstream 
of  nozzle  exit  unaffected. 

4*  For  condition  four  the  pressure  in  the  reservoir  has  increased  to 
a  value  which  produces  a  normal  shock  wave  at  the  nozzle  exit. 

3*  For  condition  five  the  reservoir  pressure  has  attained  a  value  whl4h 
produces  a  normal  shock  in  the  diffuser.  Flow  preceding  the  shock  is  un¬ 
affected.  Downstream  of  the  shock  subsonic  flow  exists. 

6.  For  condition  six  the  reseirroir  pressure  has  reached  a  value  which 
produces  reversible  flow  throughout  the  tunnel  with  sonic  flow  in  the  throat 
and  subaonii.;ftsv  elsewhere. 

7*  For  condition  seven  the  reservoir  pressure  has  reached  a  valiie 
producing  subsonic  flow  throughout  with  a  reduced  mass  rate  of  flow. 

Notice  that  the  flow  conditions  in  the  test  section  remain  constant 
as  long  as  the  reservoir  pressure  is  not  greater  than  that  corresponding 
to  condition  six. 

The  analysis  of  nozzle  flow  that  %re  have  attempted  so  far  has  been 
confined  to  reversible  flow  considerations  only.  The  flow  through  a 
discontinuity  such  as  a  shook  wave  is  irreversible  and  hence  %re  can  not 
predict  the  nozzle  pressure  distribution  such  as  that  corresponding  to 
condition  3  by  the  analysis  we  have  made  so  far.  In  order  to  complete  our 
study  of  the  operating  characteristics  of  a  nozzle  we  will  need  to  consider 
plane  shock  waves,  nils  awaits  our  further  attention. 


MB  257 

Lecture  Note  10 


SIMPU:  AREA  FLOW 


10.1 


Consider  e  gee  to  be  flowing  steedily  through  a  duct  which  satiafies 
the  conditions 

(a)  Constant  area. 

(b)  frictionless,  and 

(c)  adiabatic. 

The  stream  properties  of  such  a  flow  would  in  general  be  constant  through¬ 
out.  If,  however,  any  one  of  the  conditions  listed  was  removed  the  stream 
properties  would  then  change  with  the  effect  (variable  area,  friction  or 
heating)  present.  In  the  work  to  follow  we  will  study  how  the  stream 
properties  (p,  p^,  T,  T^,  V,  M,  F)  depend  upon  each  of  these  effects  individ¬ 
ually  and  then  collectively.  The  individual  cases  to  be  analyzed  are  shown 
in  the  figure  below.  Each  of  the  flows  indicated  in  the  figure  is  of 
practical  importance,  for  example,  in  the  study  of  flow  through  a  ram- jet 
engine.  The  simple  area  type  of  flow  applies  to  the  inlet  diffuser  and 
exhaust 


Simple  area 
Flow 


friotionless 
adiabatic  duct 


Simple  Friction 
Flow 


Simple  Heating 

Flow 


(1) 


adiabatic,  constant 
area  duet 


frletlonless  constant 
area  duct 


nozzle,  the  simple  heating  flow  to  the  combustion  chamber  and  the  siir.ple 
frictional  flow  to  flow  between  diffuser  and  flame  holders  of  such  an  engine. 

The  purpose  of  this  note  is  to  make  a  study  of  the  simple  area  type  of 
flow.  Our  imnedlate  objective  will  be  ^  determine  how  the  stream  properties 
(p#  Po»  ^o»  fit  the  flow  depend  upon  the  independent  variable  area . 

A*  A  physical  interpretation  of  the  problem  at  hand  is,  for  example,  the 
following.  Assune  we  have  a  frictionless,  adiabatic  flow  of  a  perfect  gas 
in  a  constant  area  duct.  The  stream  properties  of  this  flow  are  invariant 
throughout. 


10.2 


Ml  ^7 


Trietlonless.  adiabatic 


Stream  properties  constant 


Frictionless.  Adiabatic 


Stream  properties  may  Tsry 
%rith  area 


Suppose  now  that  we  rary  at  %d.ll  the  area  of  the  duct,  that  is,  the  duct 
area  becomes  the  independent  rariable  of  the  flow.  Ve  want  to  inrestigate 
how  the  stream  properties  of  the  flow  change  with,  or  depend  ut'on,  the  duct 
area.  Ve  may  note  inmediately  that  the  stream  properties  p  and  T  do  not 
Tary  with  area  in  the  simple  area  type  of  flow  since  it  is  an  iseniropic 
flow.  The  simple  area  flow  may  be  used  to  accelerate  a  flowing  gas  in 
which  case  the  duct  used  is  called  a  noazle  or  conditions  may  be  such  that 
the  flow  is  being  decelerated  In  which  instant  the  duct  is  called  a  diffuser. 

The  following  expressions  relating  the  stream  properties  of  the  flow 
under  study  may  be  written 

(State) 

constant  (Continuity) 

(Mach  No.) 


P  s./^T 
w 

m". 

kRT 


r  s  pA(i-f-  kM^) 


Po 

T 


k 

k-l 


Ir  1  ^ 

;i4-=^M^)  ■'  ^  constant 

2 

f~  9.  T(  1  )  *■  constant 


(Impulse  Function) 
(2nd  Law) 

(1st  Law) 


The  Tariables  in  this  group  of  six  equations  are  (since  M  alvrnys  appears  as 
a  squared  quantity,  use  Vr  aa  m  rariable) 

p,  T,  A,  V,  M^,  F. 


Selecting  one  (area)  of  these  seven  variables  as  independent  we  may 
detexmine  each  of  the  remaining  six  dependent  variables  (p,  T,  V,  vF  t  F) 
in  terms  of  the  independent  quantity,  A.  Thus  by  assuming  A  to  be  known 
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w  h«Te  six  squations  in  six  unknowns.  To  solra  the  eqiiations  as  they  stand 
would  be  difficult  if  not  impossible.  It  will  be  found  oonrenient  therefore* 
to  first  reduce  the  equations  to  a  set  of  linear  differential  equations  with 
rariables  in  logaritfamic  differential  form. 

The  equation  of  state  becomes 

In  p  c  In  In  In  R 

differentiating 

For  total  pressure  we  may  write 
In  In  p•^^  In 

differentiating 


-  ^  ai?/2 


Reducing  similarly  each  of  the  six  equations  to  a  differential  form  and 
assembling  the  results  there  is  obtained 


p  yO  ^  T  (State) 


d/<^.  ^ 

/O  ^  A 


M  ^  >  kM^  -  ^ 

F  "  p  TT'SF 


dl^  ^ 
IF  A 


(Continuity) 
(Mach  No.) 


(Impulse  Function) 
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p  1  Jt=l 
2 

2 

To  inyestigate  the  Tarletion  of  the  dependent  variables  with  area  we 
must  find  expressions  relstiog 

a»£  to  .  an  to  .te. 

m2  ^  P  ^ 

2 

and  interpret  the  results.  First  obtain  in  terms  of  ^  .  This  may  be 

done  as  follows  t  ^ 


By  Mach  eqviation  get 

dJ>^  _  e  Al 

using  continuity  for  ^  in  above  find 


using  equation  of  state  get 


and  lAth  1st  and  2nd  Law  results  obtain 
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10^ 


or 


iwp 


|2(H-k2i  M  ) 

_ 2. 


- 


A 


Th«  results  of  simllsr  simultaneous  solutions  of  the  applicable  equations 
are  summarized  below 
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10.6 


General  coneluaione  can  be  made  relatlTe  to  the  yariation  of  the  stream 
properties  of  the  flow  with  the  independent  rariable  area  by  these  relations. 
For  ssaaple 


dV  _  1  dA 

▼  ■  1  -  m2  ^ 

indicates  that  in  a  subsonic  flow  (mO.)  a  eonyergent passage  (dA^O)  will 
accelerate  the  flow  (dV^O).  Conyeraely  in  a  supersonic  flow  a  diverging 
passage  is  required  to  accelerate  the  flow.  Similar  reasoning  may  be 
applied  to  determine  the  manner  in  vdxlch  the  remaining  stream  properties 
vary  with  the  duct  area  in  a  subsonic  or  supersonic  flow. 


Stream  properties  as  functions  of  Mach  Number 


For  the  isentropic  flow  under  consideration  analytical  relations  may  be 
found  between  each  variable  of  the  flow  and  the  flow  Mach  Nisaber  by  re¬ 
arrangement  and  integration  of  the  tabulated  results  above.  As  an  example 
let  us  integrate  the  equation  relating  Mach  Number  to  area  between  the  ^int 
in  the  flow  vrhere  F^=l  and  A  a  and  any  general  point  where 

Denoting  by  A*  we  have 


/ 

A« 


A 


1  -  d>^ 

m2 


Letting  =•  X  and  .fe^=ib  and  multiplying  through  by  -2,  there  follows 

2 


1  -  X 
1  +-bx 


dx 

X 


=  -/ 


dx 


1  -r  bx 


I 


dx 


(l-/-bx)x 
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which  cxpcnda,  by  partial  auina,  Inta 


10.7 


%ihloh  glres  tha  ratio  of  the  local  flow  area  to  flow  area'  for  M  —  1  as  a 
function  of  the  local  Mach  Niimber  for  an  isentropic  flow. 
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This  relation  la  given  below  «s  a  ourre  of  A/A*  rersiis  M  for  a  given 
value  of  k.  Tlie  curve  may  be  interpreted  for  an  assumed  A*  as  the  flow 
area  required 


00 


0  1 

M 


for  a  given  Maoh  Number.  It  oervea  to  illxiatrate  ftirther  the  area  variation 
required  to  increase  the  Mach  Number  of  a  flow  from  aub  to  auperaonie  valuea. 
This  curve  or  the  tabulated  valuea  of  A/A*  Ta.  M  (Tablea  30  throu^  33  Eeean 
and  Kaye)  xmy  be  uaed  to  find  the  area  change  required  for  any  reveraib.le 
Mach  Number  change.  7or  example  to  dlffuae  air  from  M^^  =>  0.8  to  0.25 

would  require  a  diffuser  with  an  area  ratio  of 


(A/A*)2 

(A/A*)i 


?.a40 

1.038 


2.31 


Or  to  expand  frcn  =  0.^  to  H2—  2.4  with  an  inlet  area  of  A.  3  in^. 
would  require  a  thrMt  area  of 


1.25  la^. 
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and  an  exit  area  of 

(A/A* >2 
^  “ (a/a*^^ 


P.«4P  3  =.  3  in^ 
2.40 


To  eontiniie  finding  the  stream  properties  as  functions  of  the  flow 
Mach  Nts&ber  consider  obtaining  the  relationship  between  V/7*  and  M.  By 
prerioxis  results 


and  using 


we  get 


which  becomes 


-  M 


Proceeding  along  the  same  lines  the  following  relation  is  obtained  for 
isentropic  flow  with  rariable  area 


1 

\J  2(kfi)  (1  ^  M^ 


Similarly  p/p*.  T/T*,^/:^*  may  be  found  in  terms  of  Mach  Number. 

HMerer.  these  ratios  do  not  prore  as  usefulTin  applications  as  the 
ratios  p/Ppt  T/Tq,  which  hare  been  giren  as  functions  of  Mach 

Vwiber  in  lecture  note  2 


They  are  not  therefore  derired  here  nor  tabulated  in  the  gas  tables 
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10.10 


Am  im  example  of  the  use  at  Thble  3^  of  Omm  Tables  by  XasBMi  and 
Kaye  suppose  sn  IntemltteBt  supersonic  wind  ttannel  exhausting  to  a 
Taeuum  reserrolr  is  to  be  designed  for  s  Mach  Mo.  of  2  in  a  1.2  ft^ 
test  section.  If  the  tunnel  receiTes  atmospheric  air  st  p  ■=  14*7  psia 
and  T  -=  70^9  «diat  are  the  required  tunnel  throat  area  and  the  test 
section  stream  properties?  Assume  isentropio  flow  with  k=  1.4. 


A  schematic  diagram  of  the  tunnel  and  the  flow  process  on  a  T*8  graph  are 
glren  in  the  figures  abore.  With  M  2  in  the  test  section  find 


1.633  where  subscript  1  stands  for  test  section 


0.555 
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Th«r«fora 


to  =  0*555(530)  ^  294‘^(-i66®») 


="  0*1278(14.7)  s  1.875  p»i* 

^  ^  Po  4  ® 


1715  X  530 


O.OOQ535 


::^  2  t.4(17l5)  (294)^2x840 
w«(<4AiVi  =^(0,000535)  (1.2)  (1680)  =  1.08 


^1680  f|/9«e« 
yi^fp  i 


sao . 
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Leotura  Note  11 


COMFRESIBILITy  PHENOMENA 


11.1 


^e  shock  wsTes  occurring  in  a  nozzle  as  discxiased  preriously  are  related 
to  the  flow  discontinuities  existing  about  bodies  in  supersonic  flow  fields. 

In  order  to  establish  relationships  for  the  shock  phenomena  occurring  In  a 
supersonic  nozzle  and  also  to  analyze  in  general  the  discontinuities  occurr¬ 
ing  in  supersonic  flow  we  take  up  next  the  study  of  %#aTe  propagation  and 
compressibility  phenonena  in  a  compressible  fluid. 

Consider  an  infinitely  small  point  source  of  disturbance  which  may 
produce  periodic  disturbances  that  propagate  with  the  speed  of  sound  throu^ 
the  surrounding  medium.  Let  this  point  source  exist  in  a  stationary  fluid 
field  under  the  follo%rlng  conditions 

(a)  point  source  stationary 

(b)  point  source  moTing  at  subsonic  Telocity 

(c)  point  source  moring  at  supersonic  Telocity 


4  sec. 
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The  waTes  emanating  periodically  from  the  source  will  propagate  spher¬ 
ically  outward  forming  :he  ware  patterns  indicated  in  the  sketches  herewith 
after  any  given  time  interval.  When  the  fluid  and  point  source  are  at  rest 
concentric  circles  are  formed  by  the  wave  pattern.  When  the  source  moves  at 
a  velocity  less  than  the  wave  propagation  velocity,  the  wav-s  form  circles 
about  their  point  of  origin  and  cor\.sequently  are  no  longer  concentric  since 
the  source  emanates  each  wave  from  a  different  position  in  the  fluid.  In 
case  (c)  the  spherical  wave  fronts  are  formed  in  such  a  manner  that  all  wave 
front  circles  are  tangent  to  a  line  making  an  angle  with  the  direction  of 
the  source  velocity  such  that 

sin  y'S  —  ~  • 

M 

The  tangent  line  is  called  a  Mach  line  (each  point  on  the  Mach  line  is 
traveling  normal  to  the  line  at  the  velocity  of  sound  -  hence  Mach  line  is 
a  sound  wave  and  not  to  be  confused  with  a  shock  wave  which  has  propagation 
velocity  greater  than  sieed  of  sound). 

In  case  (b)  it  is  observed  that  in  the  absence  of  fluid  viscosity 
effects  the  disturbance  waves  will  not  die  out  and  will  influence  the  fluid 
field  at  an  infinite  distance  about  the  source  as  time  progresses.  In  case 
(c)  however  it  should  be  understood  that  the  fluid  field  is  completely 
undisturbed  forward  Of  the  Mach  cone  and  only  within  the  cone  are  disturb¬ 
ances  experienced  by  the  fluid. 

Subsonic  Motion  of  a  Wing 

The  above  considerations  can  be  applied  to  the  steady  motion  of  a 
rigid  body  of  finite  size  through  a  fluid  by  imagining  the  steady  state  motion 
of  the  object  to  be  acquired  through  a  series  of  small  separate  Impulses.  Each 
Impulse  giving  rise  to  an  increase  In  velocity  (an  acceleration)  and  causing 
a  pressure  disturbance  to  emanate  from  the  body.  Each  of  these  disturbances 
spread  out  from  the  object  with  the  speed  of  sound  and  in  subsonic  motion 
would  produce  a  flow  pattern  extending,  ideally,  an  infinite  distance  from 
the  body.  Actually,  of  course,  the  disturbance  fields  about  the  object 
would  die  out  at  some  distance  frotr.  the  object  due  to  fluid  viscosity  effects. 

Let  us  apply  these  ideas  to  the  subsonic  motion  of  an  airfoil  in  a  fluid 
at  rest  (the  atmosphere).  With  the  wing  moving  at  a  steady  subsonic  velocity, 
there  exists  about  it  a  region  of  disturbance  which  is  characterized  by  values 
of  pressxnre,  density,  and  velocity  different  from  the  free  stream  values  of 
these  properties.  This  disturbance  field  may  be  imagined  to  have  been  pro¬ 
duced  by  emanation  of  waves  from  the  airfoil  during  its  acceleration  up  to 
the  final  steady  state  velocity.  After  the  disturbance  field  (stream  condi¬ 
tions  about  this  airfoil)  has  been  established  in  this  manner  it  will  persist 
until  the  wing  is  again  accelerated  and  new  waves  sent  out.  As  long  as  the 
stream  velocity  relative  tc  the  wing  is  everywhere  subsonic,  these  waves  will 
radiate  in  all  directions.  Thus  the  pressure  and  velocity  distributions 
about  a  wing  in  steady  subsonic  motion  are  continuous,  1.  e.,  no  sudden  changes 
in  pressure  or  velocity  exist  as  throu^  a  discontinuity  such  as  a  shock  wave. 
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Supersonic  Motion  of  an  Airfoil 

Suppose  now  an  airfoil  to  be  aocelerated  to  a  low  supersonic  reloclty 
by  a  series  of  separate  impulses,  Vhen  the  wln^  attains  .a  supersonic  reloclty 
the  disturbance  field  about  It  cannot  extend  to  great  distances  since  the 
wing  tends  to  orertake  the  disturbances  it  propagates.  Howerer,  Innedlately 
In  front  of  the  wing  there  must  be  some  disturbance  characterized  by  the 
stream  lines  spreading  out  so  as  to  enclose  the  body.  Thus  we  are  led  to 
conclude  that  a  disturbance  due  to  the  wing  extends  some  finite  distance  ahead 
of  it.  Since  this  distance  is  finite  there  must  be  a  sudden  change  in  stream 
properties  at  the  boundary  between  this  disturbance  field  and  the  free  stream 
fluid.  Ibese  circumstances  gire  rise,  therefore,  to  a  discontinuity  and  the 
existence  of  a  discontinuous  pressure  and  Telocity  distribution  about  the  wing. 
This  discontln  lity  is  known  as  a  shock  ware  and  through  the  shock  wave  there 
are  sudden  changes  in  the  stream  properties.  In  steady  supersonic  motion  of  a 
wing  this  discontinuity  remains  at  a  fixed  distance  from  the  wing  and  propagates, 
therefore,  into  the  free  stream  fluid  at  the  speed  of  the  wing. 

Some  insight  into  the  origin  and  nature  of  the  wave  discontinuity  present 
in  the  supersonic  motion  of  objects  can  be  obtained  by  considering  the 
following  facts  which  will  not  be  validated  here. 

(a)  The  velocity  of  »«ve  propagation  in  a  fluid  is  a  function  of  the 
pressure  rise  across  the  wave  and  is  given  by 


where  subscripts  1  and  2  refer  to  conditions  upstream  and  downstream 
of  the  wave  respectively.  (For  ~  ^  observe  that  V  —  kRT  and 

hence  the  pressure  incremeat  across  a  sound  wave  must  be  infinites¬ 
imal  ) . 

(b)  A  pressure  pulse  moves  at  sonic  speed  with  respect  to  the  fluid 
imnedlately  in  front  of  it. 

(c)  The  fluid  in  the  wave  of  a  positive  pressure  pulse  is  left  with  a 
disturbance  velocity  in  the  same  direction  as  the  pulse  movement. 

As  a  consequence  of  these  facts  it  follows  that  in  a  series  of  positive 
pressure  pulses  each  pulse  overtakes  ones  in  front  resulting  in  a  coalesence 
of  the  waves  into  a  strong  wave  with  a  finite  pressure  rise.  Ihe  resultant 
strong  wave  propagates  at  a  supersonic  velocity.  Now  as  a  wing  is  accelerated 
to  a  supersonic  velocity  the  pulses  sent  out  by  the  wing  during  its  acceleration 
coalesence  to  form  a  strong  wave  in  front  of  the  wing.  Diiring  the  formation  of 
this  wave  its  velocity  Increases  until  finally  its  propagation  velocity  becomes 
equal  to  the  wing  velocity  after  which  time  it  remains  at  a  fixed  and  finite 
distance  in  front  of  the  ving. 
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In  the  figure  there  Is  Indloated  the  form  of  such  a  ware  that  would  accompany 
a  wedge  ot  a  loy  supersonic  Telocity.  On  the  wedge  axis  the  ware  i%  normal  to 


(a) 


the  relatiTe  Telocity  of  the  stream.  As  we  go  outward  from  the  axis  the  waTe 
becomes  weaker,  these  portions  of  the  wave  being  further  from  the  source  dis¬ 
turbance.  In  accordance  with  (a)  aboTe  these  parts  of  the  waTe  propagate  at 
a  lower  velocity.  Consequently  as  we  go  away  from  the  axis  the  wave  bends 
backward  approaching  asymptotically  in  a  straight  line  making  the  Mach  angle 
with  the  axis.  At  higher  Mach  numbers  the  wave  is  closer  to  the  wedge  as 
indicated  in  the  sketch  where 

Consider  the  transition  of  conditions  about  the  wedge  from  the  steady 
state  condition  (a)  to  the  steady  state  condition  (b)  fig\n:'e  above.  The  wedge 
may  be  imagined  to  be  accelerated  from  to  by  a  series  of  impulses.  As  a 
result  of  any  given  Impulse  the  velocity  of  the  wedge  is  increased  and  a  pulse 
is  sent  out.  During  the  time  interval  required  for  the  pulse  to  travel  from 
the  wedge  to  the  wave  the  velocity  of  the  wedge  is  greater  than  that  of  the 
wave  and  the  wedge  moves  closer  to  the  wave.  After  the  pulse  reaches  the  wave 
it  causes  an  increase  in  the  pressure  rise  across  the  wave  and  in  the  wave 
velocity.  Near  the  axis  of  the  wedge  the  wave  travels  with  the  new  velocity 
of  the  wedge  and  away  from  the  axis  it  gradually  weakens  ard ^urves  backward 
making  the  Mach  angle  /:3  p  *3Cis.  Notice  that^2  accordance 

with  sin  yA  =  i. 

M 

If  the  Mach  number  of  the  wedge  is  sufficiently  great  and  the  half  wedge 
angle  less  than  43^  t;he  wave  will  attach  itself  to  the  wedge  as  sho%m  below. 
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Tho  relatire  Telocities  of  the  stream  through  the  %mTe  at  rarious  points  on  the 
ware  are  shown  in  the  figure.  Close  in  to  the  wedge  where  the  wave  is  strongest 
the  stream  Telocity  is  deflected  an  angle  60.  At  points  farther  from  the  wedge 
the  Telocity  is  affected  leas  and  less  as  the  waTe  becomea  weaker  and  weaker. 

Shock  waTea  not  normal  to  the  free  stream  Telocity  and  through  which  the 
stream  Telocity  is  deflected  are  called  oblique  shock  wsTes.  The  Mach  number  of 
the  stream  entering  an  oblique  %raTe  is  supersonic  while  the  leaTing  stream  Mach 
number  may  be  supersonic  or  subsonic  depending  upon  the  angle  CJ  and  the  inlet 
Mach  Number.  Normal  shock  waves  are  normal  to  the  free  stream  and  leaTing 
stream  Telocities.  The  Mach  number  of  the  fluid  passing  through  a  normal  shock 
always  changes  from  supersonic  to  subsonic. 

A  description  of  the  flow  field  about  objects  in  subsonic  and  supersonic 
flight  and  the  maxiner  in  which  this  field  is  built  up  has  been  attempted  in  this 
note*  Two  general  features  in  particular  that  hsTe  been  discussed  and  that 
should  be  emphasized  are  restated  here* 

(a)  The  pressure  and  Telocity  distributions  about  a  body  in  subsonic 
motion  are  continuous  and  extend  to  great  distances  from  the  body. 

(b)  The  flow  field  about  an  object  in  supersonic  motion  extends  to  finite 
distances  in  some  directions  •  the  boundary  of  the  field  in  these 
directions  being  marked  by  a  discontinuity  (a  shock  wsTe)  in  the 
field  stream  properties. 

Finally,  it  is  pointed  out  again  that  as  a  shook  wsTe  becomes  weaker  it  becomes 
in  the  limit  a  sound  wsTe* 
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Lecture  Note  12 


NORMAL  SHOCK  WAVE 


12.1 


Imagine  a  fluid  to  be  flowing  through  an  adiabatic,  frictionless,  constant 
area  duct  as  shown  below.  In  this  steady  flow  field  consider  the  region 
bounded  by  the  dashed  line.  We  refer  to  this  regic^n  as  the  control  volume  and 
its  boundary  as  the  control  surface.  Subscripts  1  and  2  designate  flow  con¬ 
ditions  at  the  control  Toltune  inlet  and  exit  respectively.  Let  us  investigate 


Af 

Vll 

l''2 

Pi  1 
^1, 

|P2 

T2  _  ^2 

Poi  j 

*1 ! 

Ml  1 

this  problem:  For  given  inlet  conditions  to  the  control  volume  what  are  the 
possible  exit  conditions?  One  obvious  and  yet  not  trivial  situation  is  that 
in  which  the  inlet  and  exit  conditions  aie  identical.  There  is  possible,  however, 
a  not  so  obvious  situation  in  which  the  exit  conditions  may  differ  from  those 
at  the  inlet  if  the  inlet  flow  is  supersonic.  When  this  situation  exists  and 
the  control  region's  thickness  is  very  small  (of  order  10-8  Inches  for  air) 
the  region  represents  what  is  called  a  normal  shock  wave.  To  determine,  for 
given  inlet  conditions  to  the  shock,  the  seven  variables  listed  in  the  figure 
at  the  exit  of  the  control  volvmie  requires  the  simultaneous  solution  of  seven 
equations.  The  equations  are  obtained  from  application  of  the  following 
definitions  and  physical  laws. 


(1) 

Conservation  of  Mass  (continuity 

equation) 

(2) 

Newton's  2nd  Law  of  Motion  (momentum  equation) 

(3) 

Ist  Law  of  Thermo  (energy  equation) 

ik) 

Equation  of  state 

(5) 

2nd  Law  of  Thermodynamics 

(6) 

Velocity  of  sound 

(7) 

Mach  Number  definition 

The  equations  to  be  solved  are 

(1) 

(dA  •  0) 

(2) 

II 

u 

0 
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<3) 


c  T, 

P  1 


(4) 


Pi 

/^iTi 


P2 

7^ 


(5) 


Poi 


(6) 


(7) 


(p-/^RT) 


(*2  ^kRT) 


kPT 


Sqiiatlons  (1)  throu^  (4)  represent  4  equations  in  4  unknowns  and  were  first 


solred  for  the  non-obvious  condition  of  ^  etc.  by  Rankine  and  Hugoniot 

to  obtain  what  are  now  called  the  Rankine-Hu^oniot  relations^  They  will  not 
be  derived  here,  however.  With  the  following  goals  in  mind  it  is  necessary  to 
effect  a  solution  of  equations  (1)  through  (7)*  Our  goals  are  the  following 
relations** 


£2  fi(Mi) 

Pi 


/^2 


^=f3(Mi) 


P02  .  . 


Mg  ^  ^3(^1) 


Equation  (2)  divided  by  (1)  and  rearranged  givei 


P2 

^2^2 


-  ^ 
/^l^l 


Vi  -  V. 


**  Tabulated  in  "Gas  Tables"  Tables  48-52 

*  See  {p.  38-39,  Liepmann  and  Puckett,  Aerodynamics  of  Compressible  Fluid, 
4^iley,  1947. 
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2 

Uslufi  (6)  in  the  form  kRT  =  k  v*  substitut#  A—  for 

and  get  k  ^ 


■4 - -ir-  •*  k(Vi  -  Va)-  (1) 

’'2 

Equations  (3)  and  (6)  along  with  tha  definition  of  starred  quantities  gire 
the  following  relation 

k-1  2  *  2(k-l) 

or  r  "1 

.2-  I  [(kti)a*®  -  <k-l)V^  .  (li) 

Substituting  in  (i)  the  ralxis  of  02^  and  a^^  as  found  from  (ii)  w  get 

I  [(krt).*2  -  (k-DVa^  A  [(kf-Da**-  (k-i)Ti^ 

2_!= -  - J — g—fc - - - =*.  .  Ta), 


this  simplifies  to 


whence 


I  (k«).*2 


VjTa 


Vz 


-  ^  (n  -  Tz) 


(Hi) 


ratio  across  a  normal  shoe 


Using  (1)  eqxiation  2  can  be  written 


P2  =  Pi  -^/^iV^l  -  ^2) 


2^-  It  ^ 


(V  - 
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From  (lit).  (11).  Mwl  (7) 

Vz  =  •! 


2  Pk-l  „  2^  2 


2 


Ml  1- 


)L*1 


(IT) 


If  this  rslatlon  along  %rlth  ^  is  used  in  the  pressure  ratio  relation 

1  ^  • 

there  results 


- 


Pi 


=  1  k 


(m 


[2  .JL-1  Ml 

1  k+1  1 


kH 


•) 


Deneltv  ratio  across  a  normal  shock 
From  equation  (1) 

II  = 
^2 


V2  • 


Using  equation  (It)  for  7.^2  hsTe 


. 


M,2 


kfl  **1^^  ^ 


or 


Temperature  ratio  across  a  normal  shock 


r  ^ 

/<3i  _ 2 _ ^ 

kn  (k4d) 

-*2'"1 * 

^ .  fli!a>  _  f  (u  ) 


4 
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T 


ifhich,  after  a  few  trya,  becomea 


Whence,  aeroaa  a  normal  ahock  %faTe  with  dT^  -  0. 


^Pq  -  dp  «  k  dT 
Po  P  T 

Thla  may  be  written  in  terma  of  p  and  ^by  replacing  ~  with 

T 

T  p  fi 

Which  follows  frcxQ  the  equation  of  state*  Thua 

^Pq  _  k  d^  «  1  dp 

p^  k-1  /O  k-1  p  • 

Integrating  from  1  to  2  we  hare 


$ 

i 
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for 


this  relation  glTos 


•howinc  that  daereasa  of  p  la  measure  of  degree  of  IrreTeraibillty  assoolated 
with  the  shoak  or  la  a  meaSure  of  the  departure  of  the  proeeaa  throuili  the  ahoek 
from  a  reTerslble  adiabatic  process*  Tbs  total  preaaure  relation,  after  iialng 

and  = 


takes  the  form 


Zn  the  derlTstlon  of 

P2 

we  coiild  hare,  by  Interchanging  indices,  obtained 

Thus  with  the  relation 

'  P2^Pl 


%(e  may  determine 


this  rsduoss  to  ths  form 


2 

— —  ♦  fii.  \ 

^  2  .  1 
k-1  ”1  . 

Bsylslflix*s  Pitot  Joust  Ion 

If  a  pitot  tube  is  placed  In  a  supersonic  flow  it  will  produea  a  detached 
shock  wTe  and  %rill  measure  the  total  pressure  behind  a  normal  shock.  This 


sufficient  data  to  determine  the  Mach  Number  of  the  supersonic  flow.  Ihe 
pressure  rise,  as  the  flow  is  brou^t  to  rest,  is  diwided  into  two  parts,  one 
P2/P1  due  to  the  shock  and  the  other  due  to  isentropic  compression  be- 

ttreen  the  shock  %raTe  and  the  pitot  tube^head.  We  may  write 


Pi  Pi  Poi 


I 


p  — pJt 

1  . 

=  ka  ,.2  M 
P,  1_2  J 

L  m2 

j^kf-1  1 

This  eq  list  ion  which  relates  the  obserTed  total  pressure  and  the  free 
stream  static  pressure  is  known  as  Rayleigh's  pitot  equation. 
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TO  ACCOMPANY  NOTE  12,  NORMAL  SHC 

NORMAL  SHOCK  FUNCTIONS  FOR 
(DATA  FROM  KEENAN  ft  KAYI  *0 


CO 


12.8 


)CK  WAVE 

AIR 

iAS  TABLES."  TABLE  48) 


■ 

■KMI 

■ 

H 

H 

H 

9i^lH 

1 

1 

NOTEi 


ft*  *'Oy 


.  .t . 

% 

,/Pox 

j 

r"' 

.  -A 

\ 


6.000 


0.37796 


0 


5 

MACH  NO., 


6 


7 
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Lecture  Note  13 

OBLiaUE  SHOCK  WAVE 

Experiments  show  that  when  a  wedge  shaped  object  is  placed  in  a  supersonic 
flow  there  may  result  a  plane  shook  mre  emanating  from  the  nose  of  the  body  or 
there  may  arise  a  detached  shock  ware  which  is  curred  and  passes  in  front  of  the 
object.  It  is  found  that  the  flow  Mach  Number  and  the  wedge  angle  a> together 
determine  whiph  of  these  two  types  of  shocks  %rill  occur.  Consider  the  analysis 


of  oblique  shock  waves  with  the  following  purposes  in  mindt 

(1)  To  determine  the  exit  conditions  from  an  attached  oblique  shock  wave 
given  the  inlet  conditions  and  either  or  the  wave  an^e  . 

(2)  To  determine  the  limitations  on  M  and  ^  for  an  attached  shock  to 
occur. 

(3)  To  show  that  the  normal  shock  wave  is  a  special  ease  of  the  oblique 
shook  with  o<  ae  90^  and 
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In  the  figure  below  a  flow  is  deflected  throu^  an  angle  as  it  passes 
throu^  a  sboek  ware  which  oiskes  an  angle  o<wlth  the  upstream  flow  Telocity. 


N  —  Tel.  component  normal  to  ware  front 
L  -=  Tel .  component  parallel  to  ware  front 


The  control  Tolume  indicated  by  the  dashed  lines  is  selected  such  that  its 
upper  and  lower  sides  are  coincident  with  the  flow  streamlines  and  its  ends 
are  parallel  to  the  shock  front.  For  conrenlence  assume  the  areas  through 
which  the  fluid  enters  and  leares  to  be  unity.  The  physical  laws  and  def¬ 
initions  listed  below  will  be  applied  to  the  flow  through  the  control  Tolume. 

(1)  Conserratlon  of  mass 

(2)  Momentum  normal  to  shock 

(3)  Momentum  parallel  to  shock 

(4)  Bnergy  equation 

(5)  Bquatlon  of  State 

(6)  Geometry  of  Figure 

(7)  2nd  Law  of  Thermo 

(8)  Telocity  of  sound 

(9)  Mach  Number 

The  equations  which  follow  from  applications  of  these  nine  conditions  are 


(1) 

Pi  P2  f 

(2) 

(3) 

1  2  ■''p^2'^  2 

(4) 
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^2*2 


tan  (<K  .6J)  := 

L2 


2  2 
ii!  =  52- 


^2 

M^n|  Tj  Slno*.  Mjfr^  sln(o<-6J) 


N, 


N2 


13.3 

(5) 

(6) 

(7) 

(8) 

(9) 


The  first  six  equations  are  sufficient  to  determine  all  static  conditions  across 
the  shook  %mTe  for  glren  inlet  conditions  and  LO  or  It  will,  hoveTer,  'be 

conrenient  and  useful  to  solre  the  complete  set  of  equations  simultaneously  to 
obtain  the  following  relations* 


=  fi(Mi  m±ncf<  ) 

sin2(‘><-(J)  ST  slno^-) 


^  =  f3(Mj^  sin 


sin<^) 


f,  ^1^  sin^o< 

tan(o<-cJ)s  le»l  lc»l  1 _ 

Ml  sino<  cos  o< 


where  the  functions  f .  ,  f  ,  etc*  are  identical  with  those  of  note  12. 

i  2 

Solution  of  the  equations  proceeds  as  follows! 

Combining  (1)  and  (3)  we  hare 


so 


^^^1(^1  •  1*2)"'"  0 
Li'=  1*2’=  ^ 


*  Some  of  which  are  tabulated  in  "Gas  Tables*  Tables  55  tluou^  57* 


! 
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and  hence  (4)  becomes 


13-4 


Ni 


«pTl+  =  V2 


Combining  (1)  with  (2)  we  get 

Pi  -  »2-A*'i<*S  -  "l) 


sr 


I] 

'1^1 


P2 
>^2^2 


(Ho  -  “i) 


2 

which,  by  stabatituting  ~  for  ^  from  (8),  tskea  the  form 


»1 


^  so^ 

-  -  «k(N2  -  Ni  ). 

*^2 


(i) 


Iquations  (4)  *nd  (6)  along  with  the  definition  of  starred  quantities  giwe 

2 


k-1  2  “•  2(k-l) 


(11) 


or  m^jT  i  |(k  l)a*^  -  (k-1)  (H  L  ^ 

2 

Substituting  in  (i)  the  walues  of  m2  and  a^^*  found  from  (11)  we  find,  finally, 

=  a*2  -  (ili) 

Notice  that  for  the  normal  shock  L  *  O,  N  Y  and  (iil)  reduces  to 

V2  ^ 

Praasura  ratio  aarcss  an  cblioua  shook 


Yolloving  a  procedure  analogous  to  that  for  the  normal  shock  we  get 
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In  like  mnnner  we  find 


13.5 


=-  foCM,  sin  ^^) 


.ino<) 

Mg^  8in^(c><  -  &J)  =  ^5^*^  sinc<  )  , 

Expreeslon  relating  .  and  OJ 

If  ell  the  shock  inlet  conditions  and  ^  are  giren  the  first  four 
relations  abore  are  sufficient  to  obtain  p«  ^  •  t,  and  p  at  the  shook  exit. 
The  last  relation,  howerer,  will  not  give  ^  unless,  in  Addition  to  and  , 
Cj  la  kno%m.  Ovu*  next  step  is  to  determine /^as  a  function  andO<  , 

By  equation  we  hare 

Hj^Lg 

usin^  (ill)  and  expressing  Telocity  components  in  terms  of  the  resultant 
reloclties  we  get 


l2 

tan(c^  -<ij)  -ri  y,  ^  sin^oC  cos«^ 


or  by  equation  (il). 


tan(c^  -<a))  = 


2_  -  ,  2  k::!  *  . 

-  kf-l  1  k41  1 


^  sin^oC 


sino<  cos®^ 


or,  dlTlding  numerator  and  denominator  by  a^^,  we  obtain 


tan(o<. ^ 


4.^  m.2 


sin' 


sin^  coa6>J 
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This  sxprssBlon  relates  M.  snd£»Jand  \3j  it  ve  may  determine  the  limitations 
on  M.  andCt)  for  s  plane  snook  to  oeour  tdien  a  wed^  s)ink>ad  object  is  plsoed  in 
a  supersonie  flow*  It  is  conrenient  to  present  this  aq^tion  graphioally  by 
plotting^  Tarsus  UJt or  rsluas  of  M^  as  shown  balow* 


shock 

anelao< 


0  10  20  30  40  50 

deflection  an^e,  u) 


Obserra  from  the  graph  that  there  exists  three  possible  situations  for  a 
giTen  wedge  angle  V  •  They  are 

(a)  Two  ralues  of 'A  for  giren  M.*  For  example  20®,  M-=  4»0  giTS 

^  =  32®  or  o(  s  84®,  Either  ralue  or  A  may  occur  depending  upon  the  boundary 
conditions  of  the  flow*  Usually  the  ware  with  the  larger  shock  angle  occurs* 
Howerer,  with  the  proper  adjustment  of  the  downstream  pressure  the  wave  with 
the  lower  shock  angle  may  be  produced.* 

(b)  One  value  of  A  for  a  given  M*.  For  example  k,' t.  23®  2*0, 

65®* 

(c)  No  value  of  A  for  a  given  M-*  For  example  A.J  ^  20®,  M,  =1.5.' 

Vhan  this  condition  exists  there  occurs  in  the  flow  a  detached  shock  %mve. 


*  See  pp.  54-55,  Ferrl,  Elements  of  Aerodynamics  of  Supersonic  Flows, 
MacMillian,  1949. 
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In  this  anttlysia  thare  has  bean  daTalopad  a  aarlas  of  aquationa  with 
which  It  la  x>oaBibla  to  find  the  oblique  ahoek  exit  eonditiona  giren  the  inlet 
conditiona  and^  or  ^  •  It  may  be  aean  that  each  of  the  aquationa  in  thia 
seriea  reducea  to  ita  normal  ahock  counterpart  aa  c^~  ■  >  90®  and^^— ^0®. 
Laatly  with  the  expreaaion  relating  and  which  ia  graphed  on  page 

6,  we  can  determine  the  limiting  raluea  of  M  and  ^for  an  attached  ahoek  to 
occur  when  a  wedge  la  placed  in  a  aureraonic  flow*  These  are  the  alma  we  aet 
out  to  fulfill* 


14*1 
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Lecture  Note  14 

SIMPLE  FRICTIONAL  FLOW  -  I 

The  flow  to  be  considered  In  this  note  and  the  next  Is  that  of 
a  perfect  g^a  through  an  adiabatic  constant  area  duct  with  friction. 

The  purposes  of  these  notes  are  to  determine  the  locus  of  the  fluid  states 
corresponding  to  such  a  flow  on  the  T-s  dla^am,  to  discuss  the  charac¬ 
teristics  of  this  simple  frictional  flow,  and  to  establish  certain  expressions 
that  relate  the  stream  properties  of  the  flow  to  the  flow  Mach  number. 

Fanno  Line 

Consider  a  perfect  gas  to  be  flo%#lng  in  a  frictionless,  adiabatic 
constant  area  duct.  Throu^out  this  flow  the  stream  properties  would 
bo  InTarlant.  Sui:po3e  now  there  to  be  joined  to  this  duct  at  section  (1) 
an  adiabatic  constant  area  duct  with  friction  as  Indicated  in  the  figure. 
Dovfnstream  of  (1)  the  stream  properties 


No  change  in  Stream  properties 

stream  properties'-—^  change  due  to  friction 


(1) 


will  Tary  due  to  the  presence  of  friction.  A  relation  between  the  stream 
properties  at  section  (1)  and  the  pressxrre  and  temperature  at  any  do%m- 
stroam  station  in  the  flow  may  be  obtained  by  writing  the  energy  and 
continuity  equation  for  the  flow.  Thus 

«P  =  Cp  T^-^ 


w<=^J2-  AV. 

FT 

Replacing  V  in  the  energy  equation  by  H  ^  obtained  from  the  continuity 
equation,  we  get  ^ 


(1) 


For  glTsn  inlet  oonAltlons  (therefore  glwen  T^  and  i  ) 

this  equation  represents  a  relation  in  terms  of  temperature  and  pressure 
that  must  be  satisfied  at  axiy  glTen  point  In  the  flow.  By  assuming 
Talues  of  T  to  exist  at  suocesslTe  downstream  points  in  the  flew  it  is 
possible  with  this  relation  to  determine  the  corresponding  p  at  this 
point  thus  fixing  the  state  of  the  fluid  (p^,  T^,  T^)  at  stlected  points 
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in  the  flow.  Further,  by  arbitrarily  assuming  a  value  of  entropy,  s.  ,  at 
the  inlet  to  the  flow  the  entropy  at  downstream  points  in  the  flow  may  be 
determined  by 

3  =  4  =  13^  -t  3^  . 


B  —  c  In  •  R  In  ^  s  .  (ii) 

Ip  t  PL  ^ 


The  Second  Law  throu^i  equation  (ii)  further  restricts  the  values  of  T 
and  p  that  may  exist  downstream  of  the  inlet  by  the  fact  that  the  fluid 
must  proceed  through  values  of  T  and  p  corresponding  to  states  of  increasing 
entropy  since  the  flow  process  is  an  irreversible  adiabatic  process. 

As  an  illustration  consider  a  perfect  gas  to  bo  flowing  from  a  large 
reservoir  through  a  convergent  nozzle  thence  throug^i  a  simple  frictional 
duct.  With  known  inlet  conditions  at  section  (1)  (figure  below)  we  may, 
by  assuming  values  of  T  to  exist  downstream  as  a  result  of  the  frictional 
effects  in  the  flow,  determine  with  equations  (i)  and  (ii)  the  locus  of 
states  the  fluid  n.ay  attain  in  the  flow.  This  locus  plotted  on  a  T-s 
diagram  is  called  a  Fanno  Line  and  appears  as  indicated  on  the  accompanying 
T-s  plot. 


s 
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flow  to 
throu^ 
toward  a 

Maoh  number  of  1.  For  the  flow  to  proceed  beyond  M  *  1  would  require  a 
decrease  of  entropy  in  Tlolation  of  the  Second  Law*  Thus  we  find  In  an 
initially  subsonic  simple  frictional  flow  that  the  Maoh  number  increases 
toward  a  limiting  ralue  0f  one*  Similarly*  in  an  initially  supersonic 
simple  frictional  flow  (figure  below)  the  Mach  number  follows  along  the 
lower  branch  of  a  Fanno  Line  througii  states  of  higher  entropy  and  lower 
Mach  nixnbers  toward  a  limiting  Maoh  number  of  one*  It  is  impossible, 
therefore,  for  a  flow  to  proceed  along  a  Fanno  Line  or  throu^  a  simple 
frictional  duct  Continuously  from  subsonic  to  supersonic  or  from  supersonic 
to  subsonic  conditions* 


Beginning  at  state  (p  ,  T  )  on  tne  T-s  diagram  we  find  the 
proceed  isentropicslly  to  ^(p^?  T.  )  thence  along  the  Fanno  Line 
states  of  increasing  entropy  and  increasing  Mach  number  tending 


s 


Supersonic  flow  through 
simple  frictional  duet* 


For  giren  inlet  conditions  to  a  simple  frictional  duct,  there  exists  a 
Fanno  Line  representing  the  possible  states  that  the  flow  may  proceed  through 
in  the  duct*  «fhether  a  portion  or  all  of  these  possible  states  are  attained 
by  the  fluid  as  it  flows  through  the  duct  depends  upon  the  amount  of  frictional 
duct  length  and  the  pressures  imposed  upon  the  boundaries  (inlet  and  exit) 
of  the  flow  system*  Let  us  examine  the  effects  of  frictional  duct  length 
and  'boundary  pressures*  upon  a  giren  ^stem.  Suppose,  for  example,  that 
we  bare  a  convergent  nozzle  •  simple  frictional  duct  unit  and  consider  ih 
turn  the  effects  of 


(a)  frictional  duct  length 

(b)  reservoir  pressure 


on  the  flow  through  the  unit* 
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If  feet  of  Frictional  Duct  Length  in  Subaonle  How. 


14.4 


To  examina  (a)  wa  will  aaauma  constant  raaarTolr  and  axhaust  raglon 
pressuraa  and  1st  the  duct  langth  rary.  As  s  starting  point  lat  tha  imit 
ba  such  that  at  Its  axlt  M  -  1  and  tha  axhaust  ragion  prassura  is  jmst 
attainad. 


-  -a* 

S 


For  this  case  (figure  abore)  the  flow  through  tha  unit  from  (p^*  T  )  follows 
isentroplcally  down  to  the  Inlet  of  the  simple  frictional  duet  thence  along 
a  Fanno  Line  corresponding  to  w.  to  M  —  1  at  duct  exit  :nnaetici^.' Cl)*  IF  now 
the  duct  length  is  increased  to'''(2),  erery thing  else  remaining  the  same,  we 
find  the  flow  {.rocess  to  follow  along  a  Fanno  Line  corresj^nding  to  a  lower 
mass  rate  of  flow  W2*  Throughout  this  latter  flow  M<1.  If  the  duct  length 
is  increased  further  beyond  (2)  the  mass  flow  in  the  unit  continues  to  de¬ 
crease  and  in  the  limit  w  tends  to  zero  as  the  duet  length  tends  to  infinity. 
Now,  on  the  other  hand,  if  the  duct  length  is  decreased  to  (3)»  ve  find  the 
flow  process  to  proceed  isentrcpically  down  to  the  duct  inlet  and  thence 
along  a  Fanno  Line  of  mass  rate  of  flow  w->w  •  As  the  duct  length  goes  to 
zero,  the  Mach  number  of  the  nozzle  throat  Increases  to  a  Mach  number  of  one 
coixespond ing  to  a  maximum  mass  rate  of  flow  w.  througii  tha  nozzle  (as  the 
duct  length  goes  to  zero  the  unit  becomes  a  simple  conrergent  nozzle)* 


Effect  of  Reservoir  Pressure  in  Subsonic  Flow* 


Consider  next  (b)  that  is  the  effect  of  reservoir  pressure  on  a  given 
unit.  First  let  the  reservoir  pressure,  p^  ,  and  exhaust  region  pressure 
be  the  same*  ^ 


14.5 


\ 
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For  this  emam  there  la  no  flow.  If  now  the  reserroir  pressure  is  increased* 
to  a  Tslue  Pog  slightly  abore  the  ezhhust  region  pressure  flow  will  start 
with  s  low  mass  rate  Vo  through  the  unit  M<1  erersrwhere*  The  process  Is 
Indicated 


s 


on  the  T-s  diagram  as  a  Tertlcal  line  from  p  ,  to  the  Inlet  of  the  simple 
frictional  duct  and  thence  along  a  Fanno  llne^  corresponding  to  a  mass  flow 
w^  to  the  exhaust  pressure  at  the  exit  section  (e)  Ct  the  duct.  As  the  total 
pressure  Increases  the  mass  flow  Increases^and  w^  ^  w^>  0. 

nstanx  at  unity-^for  Po>Pis. 


The  exit  Mach  number  of  the  unit  remains  constant  at  unitjr^for  Pq^Pqi^  (*b 
Indicated  In  the  figure).  The  expansion  from  p.  to  rfhfor 

Pl.««  «>*  exhaust  region .  exhaust  region 


It  has  been  assianed  In  the  abore  that  the  simple  frictional  duct  was 
preceded  bgrqa  conrergent  nozzle  and  hence  experienced  only  Inlet  conditions 
corresponding  to  subsonic  flow*  Let  us  nes^  ezsmlne  (a)  and  (b)  as  noted 
abore  (effect  of  duct  length  and  reserroir  pressure  on  flow)  for  the  case 
In  which  the  simple  frictional  duct  Is  attached  to  a  conrergtet-dlrerglng 
nozzle  which  may  prorlde  supersonic  Inlet  conditions  to  the  frictional  duct. 
Vs  find  now  that  In  order  for  some  Values  of  duct  length  and  reserroir  and 
exhaust  region  pressures  applied  to  the  flow  to  be  satisfied,  discontinuities 
In  the  form  of  normal  shock  wares  must  exist  In  the  flow*  This  situation 


*  To  Increase  the  reserroir  pressure  at  constant  temperature  will  refuire 
codling  of  the  reserroir*  Let  the  reserroir  pressure  be  Increased  rerersibly 
and  Isothermally  tbSn  the  change  In  reserroir  entropy  Is  glren  by 

and  since  (cOoliag)  then^s  ^  0* 
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is  analogous  to  that  of  a  frictionless  nozzle  operating  with  a  normal  shock 
in  its  dirergent  section. 

Effect  of  Frictional  Duct  Length  in  Supersonic  Flow, 

As  an  example,  assume  a  supersonic  nozzle  -  slpple  frictional  duct  unit 
and  consider  the  effect  of  (a),  frictional  duct  length,  on  the  flow  through 
the  unit.  Initially  let  the  unit  be  operating  such  that  the  flow  learing  the 
unit  is  at  M  •  1  and  at  exhaust  region  pressure  with  a  mass  rate  of  flow 
w^  through  It.  This  condition  is  Indicated  on  the  T-s  diagram  below  where 
the  flow  process  originates  at  p  ,  Tq  and  proceeds  Insentro^leal^to  the 
supersonic  branch  of  the  Fanno  l$ne  corresponding  to  w^  and  then  follows 
along  this  Fanno  line  to  M  s  1  and  P^j^j^aust  region  duct  length 

is  Increased  to  (2)  we  find  that  the  new  boundary  condition  of  increased  duct 
length  can  be  satisfied  by  assuming  a  normal  shock  to  occur  at  a  point  In  the 
duct  such  that  the  combination  of  duct  length  preceding  and  following  the 
flow  discontinuity  produce  a  Mach  number  of  one  at  the  duct  exit.  The  flow 
process  corresponding  to  this  condition  is  shown  by  the  arrows  numbered  2. 


M*  1 


s 
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As  ths  duet  Isn^h  is  inerssssd  further  the  norasl  shook  procrsssss  upstream 
to  the  duet  inlet  •  thenee  into  the  noszle  until  it  resehes  the  nozzle  throat 
(5).  Further  ineresse  In  length  beyond  that  eorrespondiac  to  (3)  reduoes  the 
■ass  rate  of  flow  throu^  the  unit  and  ths  flow  progresses  throu^  the  duet 
for  these  eases  alone  fanno  lines  of  lower  mass  flows  as  indieated  tgr  (6). 

Suppose  now  a  flow  eorrespondine  to  eondition  (1)  abore  exists  and  let 
the  duet  leneth  be  redueed.  In  this  ease  we  find  that  the  stream  properties 
in  the  romainine  portion  are  unaffected  and  as  the  duet  length  is  redueed  to 
zero  the  flow  reduces  to  tkat  through  a  eonwereent-diTer^nt  nozzle  exhaust  inc 


to  the  diseharge  region  through  a  system  of  oblique  shook  wares  set  up  in  the 
exhaust  region.  These  eonditions  are  illustrated  sehesaatieelly  below.  For 
(1)  the  flow  proceeds  isentropioally  to  the  duet  inlet,  thenee  along  a  Fahno 


diseharge  region  in  oases  (2), 
(3),  and  (4). 


line  to  M  ~  1  at  (1).  For  (2),  (3)  and  (4)  the  exit  conditions  from  the  unit 
are  as  indicated  on  the  T-s  diagram.  Notice  that  p^,  p^j^  p  are  each  lehs 
***•“  region.  to  ‘►those  esses  Is 

attained  through  a  series  of  oblique  shock  wares  set  up  from  the  exit  of  the 
duet. 


et  of  Rese 


essure  in  Supersonic 


As  the  last  consideration  of  this  note,  let  us  examine  the  effect  of 
reserroir  source  pressure  on  supersonic  simple  frictional  flow.  Starting  with 
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the  reserTolr  preasure  of  our  oonTergfeBi-diTargln^  noxzle-alinple  frictional 
duet  unit  equal  to  the  exhaust  preaaure,  we  hare  mor  flow.  Nov  aa  the  reserroir 
pressure  increases  .the  flow  throu^  the  unit  increases.  Finally  a  Mach  of  one 
is  reached  in  the  nozzle  throat  and  at  the  duet  exit.  Up  to  this  point  the 
flow  processes  for  each  reaerroir  p  appear  on  a  T-s  diagram  as  for  condition 
(6).  page  14«6*  For  reaerroir  pressures  beyond  that  Just  giring  sonic  throat 
conditions,  a  normal  shook  arises  downstseam  of  the  nozzle  throat  and  pro¬ 
gresses  downstream  as  the  reserroir  preasurq  and  hence  mass  flow  are  increased. 
A  typical  flow  process  for  this  condition  is  that  of  (4)  P^ge  14>6.  As  the 
reserroir  pressure  is  Increased  further  the  normal  shock  reaches  the  duct  exit. 
The  flow  process  for  this  condition  is  indicated  on  the  T-s  diagram  below. 


s 


For  reservoir  pressures  above  that  producing  a  normal  shock  at  the  duet  exit 
the  flow  process  appears  as  for  condition  (3)  page  14*7  with  oblique  shocks  at 
the  exit  of  the  duct.  These  oblique  shocks  become  weaker  and  ideally  disappear 
as  the  total  pressure  reaches  a  value  producing  a  duct  exit  pressure  correspond 
ing  to  the  discharge  region  pressure.  This  condition  corresponds  to  that  of 
condition  (1)  page  14«7«  Lastly,  with  the  reservoir  pressure  increased  further 
we  find  the  mass  flow  to  Increase  and  the  flow  Mach  number  to  remain  constant, 
such  that  M  3  1  at  duct  exit.  This  condition  is  illustrated  in  the  sketch 
below.  The  transition  from  the  higher  duct  exit  pressure  to  the  discharge 
region  pressure 


External  Expansion 


s 


14.9 
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takas  place  in  the  exhaust  region.  The  Tarlous  flow  processes  bbtaihed 
as  the  reserroir  pressure  is  increased  from  that  corresponding  to  the  exhaust 
region  pressure  to  that  giving  the  condition  indicated  in  the  sketch  shore  are 
shown  on  a  single  T-s  diagram  on  the  following  page. 

In  this  note  the  Fanno  line  has  been  presented  and  its  use  illustrated. 
The  effect  of 


(a)  frictional  duct  length 
and  (b)  reserroir  pressure 

on  the  stream  flow  properties  of  a  simple  frictional  duct  attached  in  turn  to 
a  conrergent  nozzle  and  a  supersonic  nozzle  hare  been  described.  In  the  succed* 
ing  note  the  simple  frictional  flow  will  be  inrestigated  analytically  and  re¬ 
lations  between  the  flow  stream  properties  and  the  stream  Mach  numbers  will  be 
obtained.  These  relations  will  permit  a  simple  quantltdtire  analysis  of  the 
flow  under  consldeaation. 
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SIMPLE  FRICTIONAL  FLOfl  -  II 


15.1 


An  analysis  identical  in  method  to  that  of  note  10  only  applied  to 
simple  frictional  flow  will  be  made  in  this  note.  It  will  be  shown  that  a  stream 
property  at  any  giren  station  in  a. simple  frictional  flow  dlrided  bF  its  ralue 
corresponding  to  the  point  where  M  =  1  on  the  Fanno  line  of  the  flow  is  a 
function  of  the  Mach  number  at  the  given  station.  Thus,  for  example,  the 
properties  of  the  stream  at  section  2  of  the  flow  unit  depicted  below  divided 
by  the  starred 


values  of  these  properties  give 

2 

Further  it  will  be  shown  that  the  duet  length  beFond  station  (2)  required  to 
cause  the  flow  to  attain  a  -Mach  number  of  1  at  the  duct  exit  is  a  function  of 
Mach  number  at  section  (2).  This  length  will  be  called  L  _  and  we  will  find 

BMXq 

that  this  length  multiplied  by  the  constant  kf/D  where  f  is  duet  friction  fac¬ 
tor  and  B  the  duct  diameter  gives  a  relation  such  that 
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To  obtain  the  abore  relations  we  write  equations  inrolTin^  the  stream 
properties  of  the  flow  in  terms  of  logarithmic  differentials.  Towards  this 
end  let  us  first  apply  the  momentum  equation  to  the  flow  under  study  and 
reduce  it  to  a  form  inrolTing  logarithmic  differentials.  Va  hare 

-  »2 

and  between  any  two  secticns  separated  an  infinitesimal  distance  dz 

Now  T  a  p  A  +  pA  « p  A  ^  w  V 

so  dF  =  A  dp  w  d  V 

and  ^^for  case  of  d  A^  0  is  due  only  to  frictional  forces  and  is  giren  by 
(figure  below) 


F  =■  ra 

where  shearing  force  of  duct  on  fluid  per  unit  of  duct  wetted  area. 
A^s  wetted  duct  area. 

•TdA 

X - ^ 


jjJ /  Llll-Z/jl  J.i y  z'/ ' /  //  /'  /  //y  y  /  / 


Flow 


pA 


C-- 


(p  dp)  A 


~rr  t  ry  / / /  r  ////  f  y^//  >  / /  ///  rr/  7, 

r 

dA^ 


dz  V 


^w  ,  ^ 


gfTeloped  surface  of  duct 


/  ■  '  » 


^  3'  is  used  here  to  indicate  an  infinitesimal  force,  of  fluid  on  duct,  and 
is  not  an  ezact  differential  as  compared  to  d  F. 
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Ther8  follows  after  substituting  into  equation  (1) 

-  A  d  p  -  w  d  V.  (11) 

Introducing  the  duet-fluid  coefficient  of  friction  defined  as 


f  St 

2 

and  the  hydraulic  diameter  D  defined  as 

Dsr4  x-sectionaldre^ 
wetted  perimeter 


we  obtain 


DS54 


4A 


dA.. 


liAdx 

D  • 


Placing  this  result  in  (li)  the  momentum  equation  takes  the  form 

A  d  p-«- w  d  V  i-  f  ^  dx—  0, 


Dlrlding  this  eqiiatlon  by  Ap  we  obtain 

dV  .  i  /hfdx")  _  Q 

p^.J  V  p  2Vd/“ 


where 


so  finally 


_  vi  « 

p  ■"  RT  "  kRT 


(iii) 


15.3 


nils  equation  along  with  those  obtained  from  the  equation  of  state  dto*  give  the 


r 
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following  system  of  eqxjuktiona  to  be  satisfied  simultaneously  in  the  simple 
frictional  flow  of  a  fluid. 


dp 

p  ^  T 

m2 

dT  ,  2  ” 

dM^.  « 

(state) 

(energy) 

T  nJ£|l  m2 

S 

fO 

1 

c 

^+^=0 

(continuity) 

4e,  mi? - 

df^  -  Ifa 

(total  pressure) 

P 

2 

"  p© 

p  V  2 

(4^>o 

(momentum) 

^  -  9  ^ 

m2  V  T 

(Mach  number) 

d£.i£^ _ ad. 

t  p  ■  m2 

(impulse  fiuiction) 

Cp  ”  k 

P 

(entropy) 

niis  constitutes  a  system  of  eigiit  eqiiations  in  nine  rariables  ^p,  ,  T,  M,  V, 

Pq,  X,  f,  a.  We  select  one  as  the  independent  rariable  and  solre  for  each  of 
the  remaining  dependent  rariables  in  terms  of  the  independent  ’ariable.  Select 
ina. therefore.  4fdx  as  the  Independent  rariable  these  eauations  may  be  com- 

bined  to  gire  ea^  dependent  rariable  as  a 
consider  obtaining  the  relationship 

function  of  4fdx.  As  an  example 

D 

^  *f  /'4fdx\ 
m2  V  »  ^ 
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One  procedure  is  outlined  herewith. 

(a)  Using  the  state  equation  obtain  p, T  related 

(b)  Using  the  momentum  eqxiation  obtain  7,  T  related 

(c)  Using  the  continuity  equation  obtain  V,  x,  T  related 

(d)  Using  the  Mach  equation  obtain  x.  T  related 

(e)  Using  the  energy  equation  obtain  M  ,  x  related, 

result  IB  ^  _ 

■  1  -k"  “ 


There  are  sunnarlzed  below  the  relations  between  all  independent  Tariables 

and  itfdx  . 


dM^ 

M^ 

4fdx/D 

t 

!  dV 

i  y 

■  i 

2(1  -  M^ 

: 

: 

' 

1 _ 

.  +  (k  -  Dh^J 

2(1  -  M^)  : 

f 

d/O 

kM^ 

2(1  -  m2) 

dT 

k:(k  -  1)M^  : 

T 

2(1  -  M2) 

1 

1  ^ 

kM^ 

i  Po 

1 

2 

r  '*  ‘  ^ 

1 

!  dF 

kM^  j 

!  F 

1 

( 

;  2(1  i-  kM2)  ! 

!  i 

1 

1 

!  is 

i 

;  ; 

(k-DM^ 

'  c 

P 

;  2  1 

c  • 
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Tii«  «boT«  results  Indioat*  that  th*  alga  of  rariation  of  aaeh  of  tha  atraaa 
propartlas  M,  T,  p,P,  and  T  with  duet  langth  x  dapanda  only  upon  tha  flow 
Maoh  nuBbar.  nius,  for  axanqpla, 

SL^ _ _  Jiiy 

^  2(1  -  M*)  ® 

and  frlotlon  aecalarataa  tha  flow  raloeity  In  subaonio  flow  and  daealaratea 
tha  flow  in  a  auparaonlo  atraam. 


Xt  is  posaibla  to  datennina  tha  pi  pa  laa^th  raquirad  bayond  any  giran 
station  in  a  frictional  flow  to  gi#a  1**  in  tha  flow  by  intagrating  tha 
ralation 


from  any  plpa  station  L  and  Maoh  number  M  to  tha  pipa  station  L*  whara  Maoh 
number  is  unity. 


During  tha  integration  we  assume  f  to  be  oonstant.  Now 


**  To  obtain  Ms  i  without  affeoting  the  initial  Talues  of  the  stream  prop¬ 
erties  in  a  pipe  would  require  proper  adjustment  in  exhaust  region  pressure 
as  the  pipe  length  is  inoreased. 


15.7 
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L«t  y  «  1^ 


J*^L*-L)-^  Jgrd't'ay)  y 


k 

k 


_ dZ _ 

2(1  i-  ay) 


7 


_ OZ— 

tOTTv) 


Uslnc  partial  fraetlons  wa  find 


1 

<tor _ ^ 

y2(l  7“ ay) 


•od 


r 


y(l  -t  ay)  " 


^  In 


Ijl-f-  a)jJ 


Thara  la  oktainad  finally 

t.rj£ 

»  kM® 


2k 


In 


fk  f  1)*^ 


This  relation  ia  plotted  in  the  aeeompanyixae  skateh.  This  graph  shows  that 
the  effect  of  friction  on  the  stream  properties  is  much  greater  in  supersonic 
flow  thak  In  subsonic  flow.  For  a  pipe  of  !■  diameter  with  an  f  of  0,01  the 


*Tabuldted  in  "Oas  Tables*  pg.  157 


ME  257 


15.8 


figure  indicates  that  to  cause  a  supersonic  flow  to  reduce  from  M  *■  to 

M  a  1  requires  ii£f2aS=0.82  or  a  length  of  L^_  -=.  P*S?.  1  »  20  inches. 

D  ^nax  ^  0,01 

Whereas  in  subsonic  flow  the  effect  of  friction  is  such  tliAt  a  20  inches  pipe 
length  is  required  to  change  the  flow  Mash  number  from  0*63  to  1«0* 


Mach  number  from  the  pipe  of  length  30  inches. 


Solution  I 


M,  =  0.5 


1.07 


(Table  li2) 


^maxl  ”  ^-2 

so.  mxiltiplying  through  by  UfA>* 

=  1.07  -  4  X  0.0025  X  30  *  1.07  -  1 

0.3 
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whloh  ~ 

Til*  interpretation  of  the  relation 


^^Tnax 

D 


-f(M) 


in  oonjunotion  %fith  the  Fanno  line  is  that  for  a  Kiren  siiaple  frictional  flow 
the  pipe  length  required  to  cause  the  flow  to  proceed  from  a  giren  state  (a) 
on  the  Fanno  Line  to  the  state  corresponding  t^  Mach  of  one  is  a  functiom  of 


The  relatione  giTen  on  page  5  of  note  15  0>e  combined  to  giTC 


etc 


Ml  257 


J5«10 


Baeh  of  vhloh  m»j  b«  Intogratod  b«t%f««a  (1^,  p)  and  1,  p  «  p*  etc.  to 


i;  »  ^2<»*> 


Ss. 


=  »3(m) 


- 


•te» 


Thus  wo  find,  for  oxuiplo,  that  tho  total  proasuro  at  any  station  (a)  in  sla- 
pie  frietional  flow  dlrldad  by  the  total  presstiro.  eorrasponding  to  M  =  1 
in  the  flow  depends  only  upon  the  Maoh  number  at  (a).  The  ratios  p/p^  ete, 
are  plotted  Tersus  Maoh  number  below  and  are  tabulated  In  *Cas  Tables*  by 
Ksenan  and  Kaye. 
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As  sn  example  of  the  use  of  these  tables  oonsider  the  following  expert^ 
mental  set  up  used  to  determine  f  between  station  (1)  and  (2).- 


Solutions 


Poi  —  30  psia 


_  '0,7  so  *  0«73(I*®n tropic  Table) 

®1 

With  K,  -  0,73;  ^  *1.426  (Fanno  Table) 

1  p* 


Now 


Whence  =  0,955  (Fanno  Table) 

With  an^  known  wo  find 

il£^  »  O.X56i  =  0.0026 

"1  “a 


^xl  *  ^1-2  *'inax2 
or  multiplying  by  4f/t)  we  hare 


glTln*  0.136  -  0.0026 


from  which  we  find 


4  X  10 


0.0019 


V- 
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L«otur«  Not*  l6 

SIMPEI  FLOW  -  1 

Thus  far  we  haT*.t  oonnidered  the  steady  one-difflenslonal  flow  of  a  perfect 
gas  %d.th  simple  area  change  and  simple  frictional  effects  reapectirely.  We 

next  the  flow  of  a  perfect  gas  with  simple  heating  effects.  This  type 
of  flow  may  altematiTely  be  called  simple  flow  since  we  treat  as  our  in¬ 
dependent  Tariable  the  total  temperature  T^.  This  is  controlled  through  heat¬ 
ing  ns  noted  in  the  steady  flow  energy  equation  with  no  shaft  work 


By  simple  T. 


-  T, 


02  ©1 

effects  then  we  mean  the  following  to  obtain  t 


constant  area 
no  friction 
no  shaft  %iork 


(dA  *  0) 
(dF  =.0) 

(dTo«^ 


Let  us  determine  the  locus  of  fluid  states  corresponding  to  simple  T 
flow  on  the  T-s  diagram  and  discuss  the  characteristics  of  such  a  flow. 


Consider  then  the  flow  of  a  perfect  gas  in  an  adiabatie  fri.ctionless 
constant  area  duct.  No  rariation  of  stream  properties  would  exist  in  this 
flow.  If,  howsTer,  downstream  of  some  station  the  total  temperature  of  the 
stream  is  caused  to  change  by  the  presence  of  heating  effects  as  depicted  in  the 
figure  below  then  the  stream  properties  will  change.  A  relation  between  the 
stream  properties  at  (1)  and  the  pressure  and  temperature  downstream  of  (1) 


Flow 


i _ ±. 


^ - No  Bffects 


> 


“T - T - f - - T 

^  Heating  Effects 


(1) 


■ay  be  obtained  by  co^iaing  the  momentim  equation  with  the  continuity 
equation* •  Thus • 


>1  ^1^  *  p 

w*  /®AT 


*Conq)are  following  d«Fslopment  with  that  of  note  14.  page  14. 1.  Notice  the 
analogy  with  momentum  equation  here  replacing  the  energy  equation  of  note  14. 
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replacing  V  in  mooentuoi  equation  from  continuity  equation  girea, 

after  using  - 


Sl. 

RT 


V 


Kff  f 


For  giren  inlet  conditions  this  equation  represents  a  relation  between 
pressure  and  temperatxire  that  must  be  satisfied  at  downstream  points  in  the 
flow.  By  assuming  ralues  of  pressure  to  exist  downstream  the  dorres];>onding 
Talues  of  temperature  can  be  determined  from  the  aboTe  relation.  These  ralues 
of  p  and  T  can  then  be  used  in  the  following  equaticn  to  determine  the  required 
Talues  of  entropy 


s  o  In  ^  -  R  In  ^  *t’  Si . 

p  Pi 

The  temperature  entropy  locue  of  such  points  that  satisfF  the  continuity 
and  mcmentum  equations  for  simple  T^  flow  is  called  the  Rayleigh  line  and  ia 
sketched  below. 


We  can  Imagine  the  heating  process  in  our  flow  to  occur  in  a  rerersible 
manner  so  that  between  station  (1)  and  any  doanstream  station  the  entropy 
change  is  giren  by 
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This  IndioatM  that  haatlnc  produeas  a  flow  with  downatraam  pointa  at  hl^iar 
antropjr  aad  a  haatinc  proeaaa  would  tharafora  ba  la  tha  dlraation  ahown  on  tha 
taaparatura  antropjr  dlaipraa.  Siatilarly  a  aoollnc  proaaaa  produeaa  atataa  of 
lowar  antropgr. 

Tba  Rajlalffh  lina  Indlaataa  that  It  la  inpoasibla  to  go  from  a  aubaoaie 
flow  to  a  auparaonle  flow  by  a  aontlnuoua  haatlng  proaaaa  ainoa  haatlng  bayond 
that  x)oint  that  glwaa  N^l  would  raqulra  a  daeraaaa  In  antropy.  It  doaa  appear 
howarar  that  haatlng  tha  flow  until  a  Utah  Mumbar  of  ona  la  obtalnad  followad  by 
eoollng  would  produoa  a  tranaltlon  from  aubaonla  flow  to  auparaonle  flow.  Thla 
altuatlon  la  analogoua  to  almpla  area  flow  In  that  a  daeraaaa  of  area  to  Kaeh 
of  ona  followad  by  tha  rawaraa  affaet  of  an  araa  Ineraaaa  produeaa  a  tranaltlon 
from  an^onie  flow  to  auparaonl  b  floa*  in  almpla  araa  flow*  It  aaema  quita 
laprobabla*  howawar,  that  ona  eould  obtain  azparlmantally  tha  tranaltlon  from 
aubaonla  to  auparaonle  flow  with  haatlng  followad  by.  eoollng*  Tha  main  raaaon 
balng  dua  to  tha'  faot  that  frletlonal  affaeta  In  a  raal  flow  with  haatlng  emn 
not  ba  naglaetad* 

Conaldar  a  aubaonlo  almpla  TL  flow  In  whloh  aufflolant  haatlng  affaeta  ara 
praaant  to  juroduea  aonlo  exit  eoiwltlona  from  tha  duet.  Thla  proeeas  Is  ahown 
on  tha  figure  balbw  where  (1)  rapraaants  tha  Inlet  oomiitlona  to  tha  duet  and  (2) 
Indleataa  tha  exit  eondltlon  oorraapondlng  to  a  Maoh  of  onaa.  What  happana 


•It  la  aaaimied  hare  that  tha  exhaust  region  pressure  Is  at  the  ralua  required 
to  glTa  this  result. 
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If  th«re  .!•  heating  in  axcesa  of  that  requlrad  to  giro  sonic  axlt  oondltlonst 
Izpariments  show  that  this  further  heating  produces  a  readjustneht  in  the 
flow  which  resxilts  in  a  reduced  mass  rate  of  flow  with  Mach  one  still  main¬ 
tained  at  the  exit  section  of  the  duct.  Thus  the  new  flow  process  would 
lie  on  a  Rayleigh  line  such  as  the  dashed  one  in  the  figure  %rith  the  flow 
proceeding  from  1*  to  2*  with  ^o2*  ^  find  a  choking  phenomenon 

to  occur  in  simple  flow  as  well  as  ^  simple  area  and  frictional  flow. 
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Leotur*  Note  17 


SIMPLE  T  FLOW  -  IZ 
o 


17.1 


We  eonelder  in  this  note  the  problem  of  finding  ezpresaione  relating  the 
stream  properties  in  a  single  T  flow  to  the  flow  Maeh  Number.  The  procedure 
to  be  followed  is  that  which  was  used  in  notes  10  and  15#  We  will  find 
relations  such  as 


C5=)-  '3'“ 

<«> 

(W-v* 

where  the  starred  quantities  refer  to  the  strean  properties  in  simple  T 
flow  %diere  the  Mseh  Number  is  one.  Thus  referring  to  the  temperature 
entropy  diagram  below  we  will  fix^  that  T.  at  (2)  dirided  by  T^*  of  the 
Raylei^  line  is  a  funotion  of  M2  ond  sioalarly  for  the  ratios” 

(p/p*)  2.  2-  2 
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The  following  equations  can  be  written  for  simple  flow: 


ai  ¥  if. 

T 


1  1-  ^  V?  ^ 


dM^  dT, 


kM^ 


dM^  __  <^P< 
m2  P, 


dM^ 

m2 


^dV 

'V 


T 


(state) 

(total  temp  definition) 

(continuity) 

(total  pressure  definition) 

(Maoh  Number  definition) 


d£  .  kM2  dM^.  Q 

P  1  -M£m2 


^  W  ^  k»l  dp 
Op  T  k  p 


(impulse  function  definition) 


(entropy  definition) 


These  seren  equations  hawe  the  ei^t  rariables  p.  T,  m2,  T  •  s,  and 
Pq.  Select  Tq  as  independent  and  find  by  simultaneous  solution  of  the  above 
system  of  equations  how  the  remaining  stream  properties  depend  upon  the  total 
temperature  variation.  The  results  are  summarized  in  the  following  tabulation. 


Tabl«  is  read: 
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ar«t 


Son*  of  the  more  Important  oonoluaiona  that  ean  be  drawn  from  this  table 

It 

'  *  mm  ^  mk 


thus  toti^  presstare  decreases  with  increasing  Tq  (heating)  and 
increases  with  decreasing  Tq  (cooling) 


(b) 


-  1  - 

1  -  kM^  ^ 


thus  at  M  =  1 ,  ^ 


0  and  entropy  is  msxlmtnn  at  M  ^  1 


(c)  w  -  t(U.  To) 

"o  1  .  „2 


thus  effect  of  heating  on  Mach  Number  is  of  opposite  sign  in  subsonic 
and  supersonic  flow. 

Other  conclusions  can  similarly  be  drawn  with  the  aid  of  the  differential 
relations  tabulated. 


Po/P 


to.  as  functions  of  Mach  Nixaber 


Notice  that  we  hare  found  abowe  the  relation 


dM^  _ 


-f(M) 


To  „2 

This  result  may  be  integrated  to  gire  in  simple  flow  as  a  function  of 

Mach  Number.  Similarly  we  hare  from  the  abore  table 

^Pq  *^^0 

P  ~  ^2^^)  T 


^  (M)  fi(M)  4 


whleh  wh«n  iBt«grat»d  froan  to  aad  M  to  M  *  1  gires  Pq/Po*  t«nn«  of 
Maoh  Hiaibor*  ^oo««ding  along  than#  linea  on#  ean  got  tho  rolationa  glTan  on 
paga  210  of  tha  Qaa  Tablaa  bjr  Kaanan  and  Xaya.  Tliaae  ralationa  are  tabulated 
in  the  Qaa  Tablaa  on  page  148  and  following*  A  plot  of  the  tabulated  stream 
propertiaa  Taraua  Maeh  Vmber  ia  giran  balow* 


Naeh  Number 

Noting  that  the  atatio  tanqperatura  ratio  reaobea  a  maximiaa  just  to  the  left 
Of  N  *  !•  Thia  oorreaponda  to  tha  maximum  point  attained  on  the  subaonio 
braneh  of  tha  Raylaiih  lina* 
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Lecture  Note  16 


SUPERSONIC  DIFFIBERS 


18.1 


t 


Dlffvieera,  or  pessegea  which  decelerate  the  atreem  to  low  Telocity,  eve 
important  elements  in  auch  different  derieea  as  ccxnpressera,  wind  tunnels, 
and  ram  jets.  The  supersonic  diffuser  offers  certain  unusual  problema  not 
met  with  in  the  design  of  subsonic  nozzles. 

At  first  thought  it  might  appear  that  a  supersonic  diffuser  could  be 
designed  as  thou^  it  were  the  rererse  of  a  conrerging-diTerglng  nozzle. 

Two  difficulties  arise,  however.  First,  if  there  is  a  supersonic  nozzle 
within  the  system,  it  is  virtually  impossible  to  design  properly  the  throat 
of  the  diffuser  because  frictional  effects  between  the  nozzle  and  the 
diffuser  require  that  the  diffuser  throat  be  larger  than  the  nozzle  throat. 

If  the  diffuser  throat  is  made  slightly  too  small,  supersonic  flow  will  not 
be  attalhed  in  the  nozzle;  and,  if  the  diffuser  throat  is  made  sli^tly  too 
large,  there  will  necessarily  be  a  shock  somewhere  within  the  diffuser. 
Indeed,  even  if  the  two  throats  did  match  perfectly,  it  appears  that  the 
combine  system  would  be  imstable. 

A  second  and  more  serious  difficulty  arises.  Most  flow  systems  start 
from  rest  and  accelerate  to  the  operating  velocity.  If  %re  focus  attention 
on  a  supersonic  wind  tunnel  as  a  particular  example  (Figure  1)  the  discussion 
of  Lectxire  Note  9  indicates  that  a  shock  will  awve  do%m  throu^  the  nozzle 
as  the  pressure  ratio  across  the  nozzle  is  increased.  However,  a  normal 
shook  reduces  the  stagnation  pressure  of  the  stream.  It  is  evident  from 
the  relation  _ _ , 

-^(M)  evaluated  at  M  =  1.0,  i.e.,  -  O.OI66 

APq  A*Pp  See  -  Ibf 

the  product  of  minimum  area  and  total  pressure  is  constant  for  a  constant 

flow  rate  and  stagnation  temperature. 

A*P_  «  =  eoMtaat  (1) 

®  0.0166 

During  the  period,  therefore,  \Aien  the  shock  passes  throu^  the  nozzle  and 
test  section,  the  diffuser  throat  must  be  larger  than  the  nozzle  throat. 

The  minimum  ratio  of  the  two  areas  necessary  for  starting  corresponds  to  the 
condition  of  greatest  loss  in  stagnation  pressure,  that  is,  to  the  condition 
when  the  shock  is  in  the  test  section.  Ignoring  frictional  effects,  the 
minimum  ratio  of  diffuser  throat  area  to  nozzle  throat  area  is  found  by  using 
Squatlon  1.  Referring  to  Figure  1,  we  get 


The  limiting  contraction  ratio  for  the  diffuser,  that  is  the  minimum 
valxie  of  A|)j^ff ,  throat/-^Diff .  inlet  shown  in  Fig.  2.  For  comparison,  the 
contraction  ratio  for  isentroplc  diffusion  to  Mach  Humber  unity  is  also  shown. 

At  the  limiting  condition,  the  diffuser  is  baroly  able  to  ■dwallow*  the 
shock  and  the  Mach  Number  at  the  diffuser  throat  is  uxiity  when  the  shock  is  in 
the  test  section.  If  the  diffuser  threat  is  smaller  than  required  by  (Iq.  2) 
either  a  normal  shook  will  stand  in  the  diverging  portion  of  the  nozzle  or 
there  will  be  so  supersonic  region  at  all  in  the  nozzle. 
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Figure  3 
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These  ideas  are  illustrated  grarhically  in  the  T-s  diagram.  Figure  3* 

In  Interpreting  this  diagram  it  is  well  to  remember  that  all  states  on  the 
same  Fanno  line  have  a  common  stagnation  temperature  and  flow  per  unit  area. 

A  change  in  cross-sectional  area  has  associated  with  it  a  shift  from  one  Fanno 
lino  to  another.  It  is  clear  from  this  diagram  that  during  the  "starting" 
condition  there  is  a  large  loss  in. stagnation  pressure  and  a  consequent  in¬ 
crease  in  the  area  required  to  pass  the  flow.  The  path  of  states  during 
the  limiting  starting  condition  (at  least  while  the  shock  is  in  the  test 
section)  is  from  x  to  y  to  •y  to  oy. 

Assuming  that  the  diffuser  throat  is  made  sufficiently  large,  the  shock 
will  be  able  to  enter  the  diffuser. '  Its  position  during  operating  conditions 
will  depend  on  the  back  pressxire  on  the  diffuser.  From  the  standpoint  of 
efficiency,  the  shock  should  be  maintained  at  the  diffuser  throat,  for  the 
shock  will  then  occur  at  the  minimum  Mach  Number  in  the  diffuser.  "Hie  best 
design  for  a  one-dimensional,  supersonic  diffuser  of  fixed  geometry  has. 
fhtfrtfere.  a  minimum  area  barely  large  enough  to  pass  the  flow  during  starting 
conditions,  and  has  the  shock  at  the  minimtim  area  during  operating  conditions.  . 
The  best  starting  and  operating  conditions  are  shown  in  Figure  1  and  3*  During 
operation,  the  path  of  states  in  Figure  3  i*  from  x  to  x*  to  y'  to  oy'. 

In  practice,  the  shock  is  maintained  slightly  downstream  of  the  throat 
during  operation.  This  is  done  because,  with  a  fixed  back  pressure,  the 
shock  la  unstable  in  the  conrerglng  portion  of  the  diffuser.  For  example, 
if  the  shock  were  maintained  exactly  at  the  minimum  area,  a  ^lie^t  disturbance 
might  make  it  move  temporarily  into  the  converging  section.  But  this  would 
angnent  the  loss  in  stagnation  pressure,  axid,  if  the  back  pressure  were  fixed, 
the  shock  would  move  further  upstreeun.  This  would  make  the  situation  still 
worse,  and  the  shock  would  move  upstream  progressively  ixntil  it  came  to  rest 
in  the  nozzle  at  a  point  where  the  sta gnat ion -pres sure  loss  in  the  system 
matched  the  back  pressure  on  the  system.  In  order  again  to  obtain  supersonic 
flow  in  the  test  section,  it  would  be  necessary  to  lower  the  back  pressure 
to  the  minimum  value  required  for  starting. 

To  insure  that  a  supersonic  diffuser  of  fixed  geometry  will  start,  the 
throat  must  be  made  slightly  larger  than  the  limiting  value  to  account  for 
inaccurate  estimates  of  the  effects  of  friction,  of  the  departures  from  one- 
dimensionality.  and  so  forth. 

Thus,  because  practical  considerations  require  that  the  best  design  be 
COTiprised  by  an  enlargement  of  the  throat  and  by  an  operating  condition  with 
the  shock  at  a  Mach  Number  greater  than  the  minimum  in  the  passage,  the 
practically  attainable  efficiencies  of  such  diffusers  fall  short  of  the 
values  which  seem  possible  in  principle. 

The  loss  in  stagnation  pressure  during  operation  is  much  less  than 
during  starting,  as  shown  by  Figure  3.  In  the  case  of  a  wind  tunnel,  this  re¬ 
duces  the  power  consumption  during  operation,  but  the  pressure  ratio  of  the 
compressors  and  the  maximum  power  are  determined  by  the  starring  conditions. 
Thus,  as  compared  with  a  simple  shock- type  diffuser,  the  contraction-type 
diffuser  is  of  advantage  only  in  that  it  reduces  the  power  expenditure  during 
operation. 
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Vigurl  4 

Soma  of  the  starting  dlfficultiaa  mentioned  abore  may  be  aroided  throufiji 
the  use  of  diffuser*  with  adjustable  throata,  by  temporarily  orerspeeding  the 
stream  upstream  of  the  throat,  by  pushing  the  shock  through  the  throat  with  a 
large  pressure  pulse,  or  using  oblique-shock  diffusers. 

The  most  common  definition  of  diffuser  efficiency  is  parallel  to  the 
definition  employed  for  ccmapressor  efficiency.  Referring  to  Figure  4  ®nd 
assuming  that  the  Telocity  learing  the  diffuser  is  negligible,  we  define 


77p,  C^^Hdeal  ,  ^3  “  ^1 

(  (A  ^ ^actual  ^ 


(3^ 


where  state  1  is  the  actual  state  entering  the  diffuser,  2  is  the  actual  state 
leaTing  the  diffuser,  and  3  is  a  fictitious  state  at  the  actual  leaTing 
ressure  but  at  the  entering  entropy.  For  a  perfect  gas  Equation  3 
ecomes  t 

Yb  = 


and, since 


k:!  . 

"  (P2/P1)  ^ 


and 


2AR 


k=l  m2 
2  "1 


we  get. 


'7® 


(4) 
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Consider  now.  as  a  further  illustration  of  the  supersonic  diffuser 
operating;  characteristics,  the  flow  throu^  the  arean^ement  of  Figure  1  as  the 
diffuser  throat  area  is  increased  from  zero  area  up  to  and  beyond  the  area 
required  to  start  the  diffuser.  It  will  be  conrenient  and  helpful  to  show 
the  Tariation  of  diffuser  throat  area  on  a  graph  of  area  ratio  rersus  inlet 
Mach  number  as  giren  in  Figure  5** 


Figure  3 


^Figure  3  scale  also  Figure  4  is  Figure  2  with  the  absissa 

extended  to  zero. 
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In  Figure  5  Teriatlon  of  the  dlffviser  Inlet  Meoh  Number  as  the  diffuser 
throat  area  inoreases  is  along  the  line  from  (0)  to  (d)  thenoe  to  (e)  and  (f ). 
The  Tariation  of  inlet  Maoh  nianber  as  the  throat  area  decreases  from  (f )  is 
along  the  line  (f )  to  (h)  thenee  to  (b)  axkd  back  to  zerou  In  the  discussion 
I0  fpllOV  *re  will  assume  that  the  back  pressure  is  ad  justed  to  the  ralue  re^ 
QXiired  to  gire  the  condition  described  through  the  unit. 


ease  (0)  -  no  flow 


For  the  case  of  zero  diffuser  throat  area  no  flow  ekists  and  M  -  0 
throughout  the  unit.  Now  as  the  throat  area  is  increased  from  a  zero  ralue 
the  flow  throu£^out  the  unit  is  subsonic  preceeding  and  following  the  diffuser 
throat  with  M  s  1  at  this  throat.  This  condition  (ease  a)  exists  until  the 
diffuser  throat  area  becomes  equal  to  the  nozzle  throat  area  and  is  depicted 
schematically  below. 


case  (a)  -  throat"^  ^nozzle  throat 
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When  the  diffuser  thro»t  area  equals  the  nozzle  throat  area  sonio  flow 
will  exist  at  each  throat  with  M^l  elsewhere.  Assuming  the  test  section  is 
built  for  a  design  Mach  number  of  2  the  throat  areas  will  be  equal  %rtien 


^iff.  throat 
“^iff.  inlet 


=  0.595. 


Case  b  is  shown  herewith. 


With  the  area  increased  beyond  that  of  case  (b)  a  normal  shook  occurs 
in  the  dlTergent  section  of  the  nozzle  and  mores  downstream  to  the  test 
section  as  the  area  increases  from  condition  (b)  to  (d).  An  intermediate 
condition  between  (b)  and  (d)  is  Illustrated  in  the  following  figure. 


case  (c) 


diff.  throat 


.) 


starting 


diff.  throat 


^  ^nozzle 

throat 
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An  Inf initeaimal  increase  In  the  diffuser  throat  area  beyond  that  area 
(d)  for  %diioh  the  normal  shook  is  in  the  test  section  gives  a  svrallowed  shock 
as  the  inlet  Mach  number  goes  from  a  sub  to  a  supersonic  value  and  the 
diffuser  is  started  with  a  normal  shook  at  its  throat.  A  further  increase  in 
throat  area  from  (e)  to  (f)  does  not  affect  the  inlet  Mach  number  but  does, 
of  course,  increase  the  value  of  the  diffuser  throat  Mach  number. 

Condition  (f)  is  shown  below 


condition  (f) 


.><A 


diff.  throat^'  diff.  throat'  starting 


) 


If,  after  the  diffuser  has  started,  we  decrease  the  diffuser  throat  area 
from  (f)  to  a  value  (g)  we  find  that  the  inlet  Mach  number  remains  constant  at 
the  design  value.  As  far  as  geometry  is  concerned  case  (g)  end  case  (•)  are 
identical.  Thus  for  the  case  (g)  we  have  schematically,  the  following. 


case 


(«)  -  (A. 


diff.  throat) 


> 

starting 


diff.  throat 


nozzle  throat 
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Althou^  ease  (s)  aod  ease  (g)  are  identieal  geometrieally ,  the  flow 
proeessea  existing  for  the  two  eases  differ  markedly.  This  results  from  the 
faet  that  the  geometry  eorrespondlng  to  (a)  and  (g)  giTss  a  different  flow 
depending  upon  whether  that  geometry  is  approaehad  during  the  establishment 
of  the  super sonle  inlet  (when  shook  wawes  of  neoessity  ooeur  ahead  of  the 
diffuser  throat)  or  whether  that  geometry  is  attained  after  the  establishment 
of  the  supersonie  inlet  flow.  In  the  latter  case  no  shocks  preeaed  the 
diffuser  throat  .-rThus  Is'it  possible  to  pass  the  supersonie  flow  throu^ 
the  diffuser  throat  as  long  as  its  area  is  equal  to  or  greater  than  the  nozzle 
throat  area  since  the  total  pressure  remains'  constant  between  these  throats  with 
no  intermediate  shocks. 

When  the  diffuser  throat  area  is  decreased  to  h«  sonic  flow  occurs  in 
each  throat.  With  an  infinitesimal  decrease  in  diffuser  throat  area  from 
condition  (h)  a  shock  arises  immediately  ahead  of  the  diffuser  throat  and 
adrances  into  the  oncoming  flow  until  condition  (b)  is  attained  as  depicted 
schematically  abore.  Fiorther  decrease  in  diffuser  area  reduces  the  diffuser 
inlet  Mach  number  frcxn  (b)  to  (a)  to  zero. 

Fixed  geometry  supersonic  engine  inlet. 

The  operating  characteristics  of  a  supersonic  diffuser  %Aien  used  as  an 
engine  inlet  can  be  Illustrated  in  a  manner  similar  to  the  discussion  of  the 
preceeding  section.  Consider  the  operating  conditions  of  a  supersonic  inlat 
of  fixed  geometry  as  the  engine  flight  Mach  number  is  increased  from  zero  up 
to  its  design  Talus.  In  Figure  5  we  show  the  rariation  of  diffuser  inlet. 


inlet 


or 


M 


Figure  & 
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Maeh  number  with  the  area  ratio  (A^iff,  th.^^dlff.  inlet Motioe  in  the 

diaeuasion  to  follow  that  the  d  iff  user  inlet  Maeh  nianber  during  some  operating 
oonditiona  la  identical  with  the  free  atream  Maeh  number,  M  <>«,  •  In  general, 
howerer.  the  flight  or  free  atream  Mach  number  ie  not  equal  to  the  engine 
inlet  Mach  number. 

We  will  examine  the  phenomena  in  the  diffuser  as  the  Mach  iiumber,  M^  , 
of  the  free  atream  ia  brou^t  up  to  a  ralue  equal  to  and  then  greater  than 
the  diffuaer  design  ralue  of  2.0.  Later  the  phenomena  will  be  discussed  as 
Moo  is  decreased  from  a  ralue  greater  than  2.0  to  a  zero  ralue.  It  will  be 

aaaumed  throtudiout  that  the  back  pressure  on  the  diffuser  is  such  to  gire  the 
operating  condition  specified  at  any  instant. 


For  a  design  ralue  of  Mao'* 2  the  diffuaer  area  ratio  required  for  start¬ 
ing  is  0.822  as  giren  in  Figure  2.  At  zero  free  stream  Mach  number  there  is 
no  flow  through  the  unit  and  ^  corresponding  to  (a)  to  (b).  During 


this  interral  of  ox>eratlon  we  hare  subsonic  flow  throughout  the  diffuaer  with 
M*M,  ,  ..as  depicted  below 

XlU#  V 


case  (a)  to  (b)  -  M.  ,  *  *  M«ao(back  press  is  held  at  proper  ralue 

gire  this  state  of  affairs) 


to 


When  the  free  stream  Mach  number  becomes  equal  to  the  subsonic  M 
corresponding  to  an  A/A*  equal  to  (-^inlet^^throat ^ (b)  exists 
and  the  throat  Mach  number  is  unity. 


Case  (b)  -  ^inlet '  number  corresponding  to  an  A/A^ 


^inlet 

^throat 


1.22  is  M 


inlet 


0.57 


This  case  ia  shown  abore 
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Since  ^0.822  we  have  for  case  (b)  an  ^inlet 

^inlet 


0.822 


1.22  so  that 


M 


^  0.57  as  found  from  the  isentropic  tables, 
inlet 


As  the  free  stream  Mach  number  la  now  increased  beyond  0.37  the  inlet 

Mach  number  remains  at  0.37  with  M  ~  1  in  the  diffuser  throat.  The  inlet  Mach 
number  must  remain  at  0.37  since  A/A*  =  ^Inlet  *■  ®  fixed  value.  Thus 

^throat 


between  a  free  stream  Mach  number  of  0.37  and  1.00  the  condition 
wherein  a  free  stream  diffusion  preceeds  the  inlet  applies. 


1.0>M^  >  0.57 
> - 

- ^ - 


shown  herewith. 


Case  (b)  to  (c) 


1>  Moo  >  0.57 


(A  free  stream  deceleration  from  M 
to  occurs  ahead  of  engine  as 

strean  tube  diverges.) 


When  the  Mach  number  of  the  free  stream  becomes  equal  to  one  the  area  of 
the  stream  tube  which  handles  the  air  going  into  the  engine  is  equal  to  the 
engine  diffuser  throat  area  as  indicated  below  for  case  (c). 


Case  (c)  -  M 


1  (Free  stream  tube  area  carrying  air  that  enters 
engine  diffuser  throat  area) 
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With  a  free  stream  Maoh  nijmber  greater  than  one  a  normal  shock  stands  in 
front  of  the  inlet  until  M  is  increased  up  to  the  design  ralue  of  2.0.  The 
intermediate  condition  is  shown  below. 


r 


Case  (e)  to  (d)  -  1.04Hft^2 


Vhen  M  'b  2.0  the  diffuser  starts  and  the  shock  is  swallowed  doming  to 
rest  in  the  throat  of  the  diffuser  •  sketch  below. 


ease  (d)  -  M^r  2.0 
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As  Mc:^  bsoomes  gprester  than  2.0  ths  shook  remslns  SMsllowsd  if  the  bsek 
pressure  is  oisintsined  sufficiently  low. 

Sumnarlzlng  the  operating  ehsrscteristics  of  the  inlet  during  the 
secelerstion  of  f  rom  0  to  2.0  tra  hSTs 

(.)  to  (b)  -  M«.= 

(b)to(c)  -  M90  increases  and  M.| ot  remains  constant  at  a  Talus  corres¬ 

ponding  to 

(o)  to  (d)  -  increases  with  normal  shook  oceuring  ahead  of  inlet  and 

”inlet® 

(d)  and  aboifs  -  shook  is  swallowed. 


Vith  a  deceleration  of  from  2.0  to  (e)  the  shock  remains  swallowed 
until  equals  the  supersonic  walue  of  M  corresponding  to  A/A*  s  1.22  at  (e) 
or  from  isentropic  tables  %#hen  M  ^1^6.  With  Meb^l.56  the  shock  is  disgorged 
and  M^Q2.et  assumes  a  Talus  of  0^7tVith  a  normal  shock  oceuring  in  front 

of  the  inlet  until  Moo  becomes  less  than  one.  As  the  free  stream  Mach  number 
bedomss  less  than  one  we  haTe  a  progression  of  states  from  (c)  to  (b)  to  (a) 
with  the  conditions  already  described  for  the  acceleration  from  (a)  to  (c) 
applying. 
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L«etur«  Not*  19 


3ta*dilT  Moylng  Shock  Vw 


19.1 


Problems  in  which  a  presaxare  ware  is  morin#;  at  a  uniform  rate  throxash 
a  fluid  initiallj  at  rest  map  be  handled  hy  usin«  the  methods  of  lecture 
note  12,  on  the  mermal  shoek  wmTe.  The  equations  of  note  12  are  applicable 
if  the  ebserrer  mores  with  the  normal  shook  ware  aaad  if  the  fuantities  in 
the  boxed  equations  refer  to  quantities  relatire  to  the  moring  obserrer.  This 
inrolres  changes  in. only  those  quantities  which  contain  a  relocity  tearm, 
e.g.,  Mach  number,  stagnation  temperature  and  stagnation  pressure.  Note  that 
the  static  pressure,  stream  temperature,  and  sound  relocity  are  the  same 
for  either  obserrer*  Also  the  discontinuity  mores  with  a  relocity  relatiy* 
to  the  obserrer  at  rest. 

nxe  figures  below  show  the  steady  flow  throu^  a  discontinuity  which 
is  fixed  relatire  to  the  obserrer  and  also  the  discontinuity  adrancing  into 
air  at  rest  relatire  to  the  obserrer.  The  steady* flow  through  the  station¬ 
ary  ware  front  may  be  transfoxmed  to  the  pattern  of  the  moring  discontinuity 


itatlonlakqr  discontinuity 

/Z/Z  1 _ _ _ //  //J./J 

Py>PX 


->  V- 


I 

///y//r/ /y  yyy/ ^//f/ /  /'///// 

Obserrer  riding  into  ware  front 


moring  discontinuity 

/////^/  //////////NZ / / 


stationary 

gas 


I 


(▼,  -  ▼») 


Py>  P, 


/  ///  //y/ 

Obserrer  riding  with  gas  ahead 
of  ware  front 


by  imagining  the  obserrer  mores  with  the  low  pressure  gas.  This  obserrer 
sees  the  ware  front  moring  to  the  left  with  a  speed  y^*  and  he  sees  the 
pressure  in  the  stationary  gas  rise  from  p^  to  py.  as  the  ware  front  ad- 
rences  into  the  stationary  gas.  The  gas  behind  the  ware  front  trarels 
toward  the  front  with  a  relocity  (y^  -  ^y^*  this  is  less  than 

y^,  a  particle  of  high-pressure  gas  falls  fiirther  and  further  behind  the 
front. 


In  order  to  make  the  boxed  equations  of  note  12  applicable  for  an 
observer  at  rest  with  respect  to  the  gas  proceeding  the  ware  front,  all 
quantities  containing  a  relocity  term  must  be  modified  in  accord  with  the 
change  in  coordinate  system.  Suppose  we  denote  by  primes  those  quant5ties 
measxired  relatire  to  an  obserrer  who  is  at  rest  with  respect  to  the  gas 
preceeding  the  discontinuity.  Then  we  may  write 


Px*  *  Px* 
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Mx  =  Vx/*x 


My  -  V 


y 

-  fa 

*y 


My*- =  H.  -?L  M 


.=  <1*^^  M*  ) 


X 


T  •  T„ 

°y  ^ 


•5  (»p 


»Oy’=»y 

Pox=  Px(1+1^M,2)W 


Po,’  =  Px 


Py 

Poy”  Py  [i+J^(>V)3''-i 

Through  the  uee  of  these  relstions  and  the  boxed  equations  of  note  12 
the  shook  relations  for  a  moring  %#aTe  may  be  found.  It  is  worthy  of  note 
that  the  change  in  stagnation  temperature  is  dependont  on  the  obseryer's 
motion,  as  indicated  in  the  following  expressions. 

T  2  _  y  2 

=  Toy  -  Ty  -  T,  - *"=  0 


(▼»  -  TxJ? 


°y  ‘Ox 

and  since  ^T«^0,ve  find 

_  Txt^x  -  V’ 


2  c, 


o 
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To  illuotrato  the  eppl  loot  Ion  of  the  foregoing  eonslder  finding  the 
change  of  stream  properties  across  a  %faTe  front  propagating  into  a  stationary 
gas  with  a  ware  Telocity  cf  2000  feetoper  sec*  Let  the  gas  ahead  of  the  ware 
be  at  20  paia  and  500^* 


We  hare  then  the  following  schematically < 


2000  ft/sec 


L/  rL.jJ'/j  r},  /  j  /  ///////////  / 

p^' =  20  psia 
500<^ 


T  »  m  ? 

o. 


V^*  =  0 


'y 

( 

> 

y 


Po  ^ 


77rr//  /  //7/  //  /  /  /  /7 


To  solre  the  problem  we  reduce  It  first  to  one  for  which  the  normal  shook 
equation  of  note  12  apply*  This  is  done  sehematioally  in  the  figure  below 
by  taking  the  point  of  riew  of  one  trareling  with  the  ware. 


J/./ //// iA//yy ///// ////////y //  ///✓/ 

=  2000  f  t/sec  )  y  s.  y  ^ 


=  500®ft 
p^  =  20  paia 


Iy=  T 

n_  =  t 


y/z//yy  oy//////////////// ////y //// 


The  latter  problem  is  easily  solred  and  the  properties  behind  the  wsts  front 
adTancina  at  2000  ft/eec  can  then  be  found  through  the  equations  presented 
aboTe*  The  solution  to  the  problem  proceeds  as  below. 


We  hare 


49.1  VTwT 


1*82 


Troa  normal  shock  tables  then 

-  0*612 


since  y>^ 


\ 


Ml  257 


Th«r«fore»  ve  find. 


Sunnmrizin^t 


19*4 

Pw  Tw 

^=3.7;  ^=1^5 

Px  "x 

T_  s  22SS,  s  834  f  t/aee . 

^  2.4 

Py  =  3«7(20)  »  74  p*l* 

Ty  =  1^5(500)  s  775*^ 

*Sc=°-612-J^  1-82 

1^*  V  -  0«83(ittlnuB  8101  means  gas  is  moring  to  left^ 

T  •  •=  49.1  vfv  =  C0*Q5)(49.1)  Jto  *  1160 

^  ^  ^  ft/see. 

v=(^V  =  f!l7  = 

*V'«  0:^  =  “8-9  P«‘' 


Ty*  =  1160  ft/see 
a  0.85 

Py*  =74  pel* 


Ty*  =  775®1R 
T^*  =891*^ 

Pn  116.9  psla 
7 


2000  ft/see 


/  /  j  /  y  /  ✓ 

[y  y  yy///y  /  / 

Px*  =20  psia  ' 

\  T^*  7  1160  ft/see 

Tjj*  =  5oo«^ 

t  P'  = 

stationary 

[  *V'  =  0.85 

_ «■» 

i 

Notiee  that  the  gas  following  the  blast  ware  is  falling  farther  and  farther 
behind  the  ware  front  since  its  Telocity  Is  less  than  the  ware  Telocity. 
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HOME  PROBLEMS 


Pl.l 


The  problems  will,  in  general,  be  numbered  as  followst  l.l,  1.2, 

1*3.  •  •  ,  2.1,  2.2,  .  .  .  ..3.1,  3.2,  ...  ,  where  2.3,  for  example, 
reads  problem  number  3  ^  problem  set  accompanying  lecture  note  2. 
(For  all  problems  inrolring  air,  assume  air  to  be  a  perfect  gas, 
unless  otherwise  noted,  with  k  =  1.4»  H  -  1715  ft^/sec^  and  c  - 

6000  f t^/sec^  OR  )  ^ 

1.1  Show  that  the  path  of  a  constant  jjressure  process  of  a  perfect  gas 
on  a  T-t  diagram  is  a  straight  line.  (Inwestigate  slope  dT/dr  by 
differentiating  equation  of  state). 

1.2  The  logarithmic  differential  of  x  is  obtained  by  differentiating 
(In  x)  and  is  dx/x.  $^<3w  that  the  logarithmic  differentials  of  the 
proi>ertles  p,  T  and  /^(/^  *  !/▼)  of  a  perfect  gas  are  related  by  dp/p» 
dT/T  “t*  d .  (Hint:  Write  equation  of  state  in  logarithmic  form.) 
Doos  d /^//^  *  dr/r?  R*oto. 


1.3  The  internal  energy  of  1.2  slugs  of  air  in  a  rigid  non-conducting 

container  is  increased  as  a  paddle  wheel  in  the  container  is  turned 
by  a  mass  of  20  slugs  descending  200  ft.  at  a  location  where  the 
acceleration  of  grarity  is  25  ft/sec^.  Find 

(c)  Au  (83,400  ft^/sltig) 

(b)  A  b  if  Initial  temperature  of  air  is  70^F. 

(117000  ft/j</alug) 

(c)  What  would  be  the  change  of  enthalpy  of  the  system  of 

gas  if  the  acceleration  of  grarity  is  32.2  ft/sec^T 

(151.000  fWslug) 


1.4  Starting  with  the  definition  of  entropy  ihow  that  ds  v  Cp  dT/T  -  R  dp/p. 

Using  this  result  and  resultsoof  problem  1.2  along  wi  th  Cp  -  *  R 

obtain, 

-  T 

(a)  ds  =  c^  ^  -  R  *  ©T  ^  -h  R  ^  I  Sg  -  Sj^  ■  c-^  In  R  In  ^ 

(b)  ds  *  c^  ^  -  Cp  =  ct  ^  i-  Cp  ^  I  *2  ' 

1.5  Diridlng  ds  as  giren  in  (1.4)  hy  Cp  we  obtain 

^  ^  ~  ^  ^  ^  •  Thvis  for  a  rerersible  adiabatic 

Cp  T  c_  p  T  k  p 

k— 1 

process  with  s  0  we  hare  ^  s  ^  or  —  s  ^  k 

Cp  T  k  p  Ti  V  Pi  / 


Show  similarly,  using  1.4  (a)  and  (b),  that 
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and 


£2 

Pi 


-  C^)‘ 


for  an  iaenti’opic  process. 


1.6  Plot  a  temperature-entropy  diagram  for  air  with  lines  of  constant 
prassure  and  specific  Tolume  thereon  for 
p  ^  120.  60,  30.  and  15  psla 
T  =  U16  and  317^  ft3/alug 

Show  an  enthalpy  scale  along  td.th  the  temperature  scale.  Select  as  a 
reference  state  of  zero  entropy  and  enthalpy  air  at  15  ^nd  400%. 

Let  temperature  and  entroj  y  scales  range  from  0%  to  1600^  (1*  200%) 

and 


0  to  9600  ^1»  =  1250  respect irely. 

slugOR  slug%  \  slug%y 

1.7  Graphically  check  the  slopes  «  ~  and  “  at  any  giren 

^ds^'T  ®T  \ds/p  ®p 

temperature  on  the  diagram  of  problem  1.6. 


1.6  Flnds(l)  The  work  done  by.  (2)  the  heat  received  by.  the  increase  in 
(3)  internal  energy,  (4)  enthalpy  and  (5)  entropy  of  a  system  of  one 
slug  of  air  which  is  initially  at  120  psia  and  1200%  as  its  specific 
volume  Increases  to  418  ft3/8lug  by  the  following  processes.  (Sketch 
each  process  where  possible  on  the  Ts§  diagram  of  problem  1.6) 

(a)  Reversible  constant  pressiire 

(b)  Reversible  constant  temperature 

(c)  Reversille  constant  internal  energy 

(d)  Reversible  constant  enthalpy 

(e)  Reversible  adiabatic 

(f)  Adiabatic  expansion  Into  an  exhausted  chamber. 


1.9  Air  expands  through  a  nozzle  from  a  large  reservoir  wherein  T  «  60%. 

Vb.at  is  the  temperature  of  the  air  leaving  the  nozzle  if  the  nozzle  exit 
velocity  Is  1200  ft/sec?  Would  this  temi.erature  be  measured  by  a 
stationary  therometer  placed  at  the  exit  of  the  nozzle? 


1.10  Air  enters  a  reversible  adiabatic  turbine  with  p^ 60  psia.  T2^=l600%. 
72.  =  200  ft/sec.  through  an  area  A^  of  30  sq.  inches.  Th.9  air  leaves 
the  turbine  with  negligible  velocity  at  30  psia*  Find  the  turbine 
horse-power  output.  (417  bp). 


1.11  Solve  for/^h  of  1.10  graphically  using  h  -  a  diagram  of  page  1.4 
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1.12  A  bod/  of  10  Ibm  ■•••  is  setsd  upon  bgr  s  horisontsl  force  of  one 
pound  St  s  loestion  where  the  equlTslent  seeelerstion  of  greTity 
is  20  ft/seo^.  Nelleetini  friction,  vhst  is  the  horlsontsl 
seeelerstion  due  to  the  one  pound  force? 

1.13  Vhst  would  be  the  horisontsl  seeelerstion  in  gobies  1*12  if  the 
body  hsd  s  wei^t  of  10  pounds  st  the  loostion  where  equiwslent 
C  is  20  f t^  seo^f 
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h  X  lO"-^  (ft  I  /  alug) 


2.1 


A  Jst  puBp  is  indiestsd  sehtastiosllj  in  ths  ficurs  hsrsvith*  A 
hiflk  Tsloeity  jst  of  wstsr  flows  out  of  ths  nsll  noszls  with  asss 
rsts  of  flow  W).  This  flow  sntrsins  wntsr  of  asss  flow  W2  ss  shown. 
Using  subscript  2  for  strssa  properties  of  the  entrained  fluid  st 
station  A  and  subscript  1  for  streaa  properties  of  the  jet  at  section 
A  write  the  continuity  equation  for  the  control  woluae  indicated  by 
dashed  line. 

A  3 


control  surface 


2.2  Consider  a  rocket  operating  on  a  test  stand.  Apply  the  continuity 
equation  to  the  control  toIudc  indicated* 

U) 
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3.1  Apply  th«  moMntum  •qufttlon  to  tho  punp  of  proU«i  2.1  •  Z.ot  tho 
wall -fluid  shoarinc  atroM  ba'^  Obtain 

Pj^Aj^  +  P2A2  -  P3(Ai  ■f  A2)  -  ^^2^ 

>^A^Tj^  -  ▼2'^^2V2 


3*2  Find  tha  foroa  of  fluid  on  eonrar^ant  portion  of  duet  for  tha  flow 
indioatad  balow. 


-/^Hgo  =  s  1.94  Mlnat 
^  32.2 


V  20  paia 
A^  •  2  f t^ 


P2  H*  f  pele 

Ag  »  1  ft* 

Tg  =  20  f  t/aae 
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P3.2 


3.3 


3.4 


3.5 


Apply  to  roctot  of  xrobl-  2.2  nd  justify  tho 

...option  of  jfTo.  fhi.  •..«ptlon  1.  u-d  in  tho  nnnly.l.  of 

roekst  thrust  on  s  tsst  stand  usine  s  solid  propollsnt  ss  indicstsd 
iB  skstoh  of  probl«i  2.2. 

{.)  with  th.  mid  or  m  mkmteh  mhoit^t  fore.,  mr.  oonmld.rmd  mlcnlfleaht 
and  ara  ineludad  in  tha  taxm  ^  • 


•snapla  in  Uhiob  tbs 


(b)  for  aaoh  tam  in  t^Cof  part  (a))  «irs  an 
tmrm  is  naelisibla  or  saro. 

=S^LriSrs.‘sv4 

at  tha  control  Surface  boundary  uas  approx- 
iMtalr  as  indicatad  in  tbs  akatch. 


Vrc.  thm  mmurmd  dmtm  emleulmtm  thm  drm*  eomfflolont  of  thm 
cylindar  dSflndd  as 


«  S57 


P3.3 


eouuBptlM  r«t«  at  th*  roetet  1.  5  IWmo.  Dm  roek*t  MtaSti  ln“ 
S^oo^t/aal'*  of  10  polo  with  on  oxhouot  Jot  roloeltr  of 

Tho  thpuot  of  tho  roekot  la  daflaod  as  tha  akoa*  foroa  aotliik  In  tha 
•Import  z*od  at  the  control  aurfeee  eeetlon  A-Bn 

^*^?*  ^^*  eurfeoe  ehown  doTelop  ea  exjveMlon  for  the 

rooioet  thrust* 

^  thrustt  (Treat  the  erhauat  caaer.aa 
Perfect  with  the  properties  of  air) 

(c)  If  the  rookat  nozzle  exit  eeetlon  preaaure  is  10  pals  and  the 
ourroundin«  atmosphere  preaaure  were  12  pais,  how  would  the 
thrust  be  affected?  Xxplaln  briefly* 
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3.7  Zn  •  wind  tunnel  dra^  test  of  e  missile  model  st  higti  subsonic  Mseh 
Ninbers  the  stream  conditions  preceedlne  the  test  section  («t  station 

1  in  figure  below)  are  uniform  across  the  txumel  at 

20  psia 

X  ai|4  ft/sec 

With  the  missile  mounted  in  the  tunnel  the  stream  conditions  at  station 

2  are  found  to  be  (assume  streem  properties  uniform  at  2) 

P2  *  14  P*i* 

▼2  »  935  ft/sec. 

Without  the  missile  in  the  tunnel  the  stream  properties  at  station 
2  are  found  to  be 

Pg  m  19^  P»l* 

Tg  :  362  ft/sec* 

Worn  these  data  estimate  the  missile  dra«  coefficient  based  on  the 
stream  conditions  at  station  1*  The  model's  wine  area  is  1*33 
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P3^ 


3*8  To  obtain  performance  data  on  axial  flow  turbine  blades,  the  blades 

aaj  be  arrauf^ed  in  a  easoade  (arran^Mient  of  blades  in  a  manner  similar 
to  slats  in  a  renitian  blind)  and  tested  in  a  tvo-d linens ional  wind 
tunnel  as  shown  below. 


stream  lines 


flow  depth  norxnsl  to  paper  ^  1  ft. 

In  such  a  test  the  stream  properties  are  wnifona  at  seetiom  (1)  and 
(2)  and  are 

15  psla  . 

^  ^  14«97  psla 
s  60  f  t/see 

nreatlns  the  air  as  ineonqpresslble  s  0.076  Ibm/f t^  0.00239  sluc/ft3) 
find  the  X  and  j  components  of  the  force  acting  mm  VlMe  *A*  at  the 

easoade 
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3*9  Coosidtftr  th«  steady  flow  of  mn  Inoomprossiblo  fluid  In  a  constant 

aran  pipa  of  dlamatar  D.  Uain^  tha  continuity  and  momantum  aquations 
ahow  that  tha^praaaura  drop  batwaan  two  atationa, '(1)  and  (2),  a 
diatanea  L  apart  ia  giran  by 

>■2  -*>1  -  I 

whara  ia  tha  pipa  friction  factor  daf inad  aa 


(Notat  Anothar  friction  faotor 


wallHTluid  ahaarlng 

stress) 


BOMtimaa  uaad  ia  « 


3*10  Tha  atraam  propartiaa  at  tha  inlat  and  axit  of  a  turbo-jat  angina 
ara  balow*  Datarmina  tha  internal  forca  of  fluid  on  duct 

for  thaaa  conditions. 


^1 

Pi 


20.3 

392  ft/sec 


P2  «  15.3  P»i* 

T2  •  19^  f  t/sac 


570°R 


Derice 

C 

Inlet 

0^ 

Elbow 

1.0 

Open  Globe 

Talbe 

8.0 

Sudden 

enlargemeni 

as  per  theos 

Pipe 

0.02 

Th«  pump  efficiency  is  7QK 


(a)  Estimate  the  eauge  pressure  at  the  pump  discharge,  in  psig. 

(b)  Estimate  the  power  required  by  the  pump,  in  horsepower. 
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15.2 


5.2 


Xn  o«rt«in  rations  where  hydro¬ 
electric  power  le  eTeilable,  e 
large  amount  of  water  at  low  head 
la  arailable  in  reaerroir  B.  This 
amount  is  more  than  ample  to  take 
care  of  power  demands  for  most  of 
the  year,  but  at  certain  periods  of 
the  year,  there  is  a  shortage.  In 
such  eases,  if  a  small  basin  A  is 
sTsilable  near  by  at  a  rery  hieh 
head,  it  may  be  economical  to  pump 
water  to  A  during  the  times  when 
there  is  excess  capacity  in  B,  thus 
making  the  water  in  A  aTailable 
when  B  is  low  in  water.  The  sketch 
shows  such  a  system  for  transferring 
water  from  B  to  a,  with  a  direct 
dr  ire  between  the  tunbine  and  pump. 


Determine  the  ratio  oC  tiater  pumped  to  A  to  total 

turbine,  assuming,  ^ 


ter  used  by  the 


2» 


(ANSI  Qp/Q^»  0.123) 


Air  is  drawn  into  a  fan  at  standard  conditions 
*  0.075  Ite/ft^)  and  is  discharged  from  a 
nossla  placed  at  the  exit  of  a  100-ft  stack, 
nie  nozzle  exit  diameter  is  1  ft,  and  the  air 
flow  is  100  ft3/sae.  Assuming  that  all  losses 
in  the  system  are  negligible  except  for  the 
losses  in  the  fan,  and  that  the  latter  has  an 
efficiency  of  estimate 

(a)  the  power  input  to  the  shaft  of  the  fan,  in 
horsepower 

(b)  the  lost  head  in  the  fan,  in  ft.  of  air. 

ANSI  (a)  5.7  hp 
(b)  167  ft 


J 
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P5.3 


5.4 


100* 


6oo®f 

14.7  psia 
70°3P 


<-  12' 


J 


OVEN 


lr^^‘‘70«>F 


Air  la  heated  to  600^  in  an  oren  and  is  then  exhausted  to  the 
atmosphere  throu^  a  12 -inch  sheet  metal  stack  100  ft.  high. 


Assume  that  in  addition  to  pipe  friction  there  are  miscellaneous  losses 
amounting  to  two  kinetic  energy  heads  (based  on  the  Telocity  in  the 
stack),  and  that  the  static  pressure  at  is  the  same  as  the  static 
pressure  at  the  air  inlet. 

Estimate  the  mass  rate  of  flow  of  air  throu^  the  system,  in  Itm/sec. 
The  head  loss  in  the  pipe  may  be  estimated  from 

T* 


pipe 


=  0.02 


L  Z, 

D  2g 


Answers  1.Q5  Ibm/sec 
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P5*4 


/ 

5m5  Vattr  flovs  from  a  laka  through  a  pip#  of  1  foot  iaaida  dlaaatar 
and  3000  faat  lone  •^dlaeharKlng  into  tha  atmoaphara  at  a  point 
100  faat  balov  tha  daka*a  aurfaea*  If  tha  frletlOn  factor 
inalda  tha  pipa  la  0.02  what  aasa  rata  of  flow  would  you  axpaot 
to  ba  dlaeharead  from  tha  plpa?  Naelaet  any  haad  loaaee  axcapt 
thoaa  In  tha  5000  faat  of  pipa» 


3*6  latloata  tha  Toluma  of  room  air  flow  par  mlnuta  through  a  house¬ 
hold  flraplaoe  with  a  maan  ohlmney  gas  taroparature  of  860^*  Tha 
ohlmnay  height  Is  fifty  faat*  Tha  flow  lossaa  in  tha  ehlnmay  amount 
to  two  klnatio  haada*  Uaa  ehlnmay  area  of  ona  ft^. 

3*7  In  araluatlng  a  particular  ehlnmay  design  for  a  furnaea*  measuramants 
of  tha  laaTlng  gas  Talooity  from  tha  ehlnmay  and  of  tha  flue  gas 
taagmratura  are  made*  In  a  100  ft.  ehlnmay  of  12*  dlamatar  the  flue 
gas  tamparature  Is  found  to  ba  6009F  whan  tha  axlt  raloclty  from 
tha  ehlmnay  Is  40  fast  par  second*  If  tha  ambient  temperature 
is  70^  what  is  tha  magnitude  of  tha  flow  losses  through  the  chimney? 
(Assume  the  flue  gases  to  be  air) 
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3»5.5 


5*8  Air  enters  the  turbine  eeeoede  depleted  belov  et  900  ft  per  second 
end  St  s  pressure  of  14*7  pels.  The  essesde  Is  s  eons  tent  pssssge 
sres-impulse  type.  Trestlnc  the  flow  ss  Ineonpressible  end  sssumin^ 
s  loss  ooefflelent  throxi^  the  essesde  of  0.2  find  the  sxlsl  end 
tsneentisl  force  on  the  essesde  per  \mit  of  flow  pssssge  sres.  The 
entering;  end  learine  Teloclties  mske  sn  sn^e  of  30^  with  the  plsne 
of  the  turbine  wheel.  «  0.002378  slu^/ft3) 
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15.6 


5  *9  Uslnic  the  Hae«n  Pc>i««ulll«  Law  and  tha  mooiantum  aquation  appllad 
to  a  control  Tolume  of  raditta  R  (plpa  radiua)  show  that  for 
fully  dCTelopad  laminar  plpa  flow  of  an  Ineompraaalbla  fluid  tha 
pipa  friction  factor  is  girmn  by 

f  «  ^ 

Ray 


%rhara 


R.y  ^ 


and  V  s  Bulk  mean  ralooity 


5  *10  In  an  axparimant  to  maasura  tha  Tiacosity  of  an  oil,  tha  oil  flows 
throvieh  a  0«6ll  inch  diametar  pipa  at  a  maasurad  flow  rata  of  0*46 
Ibn/aac.  Tha  praaaura  of  tha  oil  maaaurad  at  two  points  2  ft 
apart  is  foimd  to  ba 


Pj^  -  1.7  ft.  oil 
p^  -  1.6  ft.  oil 


By  ObseTTlng  tha  flow  axit  conditions  from  tha  plpa  it  is  known 
that  laadnar  flow  axiata.  From  tha  giwan  data  datarmlna  tha 
dynamloa  Tiacosity  tha  oil.  (oil  sp.  gr.  ia*  0.8)  Vhat  la  tha 
kinematic  Tiacosity  of  tha  oilt 


1.46  X  10*^  3L]>f ^  <***  4,7  X  10*^  — ,  7  cantlpolaa) 

ft-sac  ft-aac 

(  ^ c  0.942  •  8.75  or  atokas) 

>0  aac  ,0C 


Nota I  1  poiaa 


1  dyna  -  aac 
car 

-6 

1  dyna  c  2.248  x  10  Ibf 


1  cm  s  2.54  In* 

1  stoke  ^  1 

For  watar  at  20^0,  :  1  cantipoisa. 

• 
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P6.1 


6.1  A  projectile  in  flight  carries  with  it  s  more-or-less  conical -shaped 
shock  front.  From  pharsical  reasoning  it  appears  that  at  great  dis¬ 
tances  from  the  projectile  this  shock  ware  becomes  truly  conical 
and  changes  in  Telocity  and  density  across  the  shock  become  ranish- 
ingly  small. 

Photographs  of  a  bullet  in  fli^t  show  that  at  a  great  distance  from 
the  bullet  the  total  included  angle  of  the  cone  is  50*3^.  The 
pressure  and  temperature  of  the  undistrubed  air  are  I/4.62  psia  and 
73®F,  respect iTely. 

Calculate  the  relocity  of  the  bullet,  in  ft/sec..  and  the  Mach 
Nunber  of  the  bullet  relatiee  to  the  undisturbed  air. 

(ANS.i  2660  ft/sec;  2.36) 


7.1  OlT«  th«  rmlum  of  dT  and  dp^  ralatlT*  to  »«ro  for  flow  throu^d^  thw 
following  ducts. 

(s)  friotionlsBS,  disbstlc  (non-sdisbstlc),  and  eonatant  area  duct, 
(i)  hasting,  (ii)  cooling 


(b)  frictional,  adiabatic,  and  (i)  constant  area,  (ii)  dirarglng  area 
(iii)  oonwerglng  area. 


frictionless,  adiabatic,  and  (1)  constant  area  (11)  dlTerging 
area  and  (ill)  conTsrging  area, 

7*2  How  many  independent  properties  are  required  to  fix  the  state  of  a 

in  ^he  absence  of  motion,  grawity,  electricity,  capillarity,  and 
magnetism? 

(b)  in  the  absence  of  grarity,  electricity,  capillarity,  and 
magnetism? 
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P7.2 


7*3  In  ease  of  (7*2b)  aboTe.wlll 


(a)  p,  T,  and  t 

(b)  P.  T,  and 

(c)  T,  Tq,  and  p 

(d)  p,  T,  and  7 
(•)  P.  Po  nnd  7 
(f)  T,  To:  and  7 
(s)  Pot  To*  And  p 

(h)  Po,  To,  and  T 

(i)  Pot  To,  and  7 

fix  the  state  of  the  gas? 


7*4  Put  the  steady  flov  energy  equation  for  flow  of  perfect 
In  terms  of  Mach  number  starting  with 


gas  %rlth  V^'sQ—O 


hi^ 


2 


7^  Air  Is  flowing  through  the  passage  Indloated  with  the  quantities  giran 
measured  at  section  (1)  where  duet  cross  sectional  area  is  0.2  ft2, 
Pihd  the  gas  mass  rate  of  flow. 


(1) 


T-  »  734°P 
°1 

P-  a  100  psia 
^1 


7.6 


For  air 


(S). 


< 


m 


means  ^  1  * 


Pj^  84.3  psia. 


C  ^ )  1  “  means  Mi  >  1 . 

o 

Determine  m  and  n 

7*7  Air  is  flowing  through  a  frictionless  constant  area  duct  with  600  Btu 
of  heat  added  per  slug  of  air  between  stations  (1)  and  (2).  For  the 
conditions  glren  below  determine 
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7.7  (Cont.) 


(d) 

(e) 

it) 


(S) 


P7.3 


(•) 

(b) 

(o)  M^ 


\ 

} 

I 


(1) 

=  75  p«l* 
P©!  5  P*^* 

^©1  * 


Q 


- > 

<2) 

Po2  *  95.3  p*i« 

P2  “  57.3  P*i* 


Q  «  (600  X  778) 

•lug 

Compar©  straam  propartiaa  at  (1)  with  those  at  (2).  Notice  that 
pressure  drops,  Maeh  ntaher  Inoreased,  Telooltj  inereases,  ete. 


(-W)  vsay 
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APM  distribution  glTon  in  th«  nccompanylng 
tblrt  .dUtetldlr  fro.  .  r..ion  In  which 


P^,  *  300 

Tq  «  76o®b 


p  s  2$5 

(Sss  plot  on  n«zt  pn£«.) 


'■>  ss?rS!rs-r 

(Hints  Compute  w). 

to°p  ‘iLTtotrthfproSMS  z”z  T  *.“1  «:^2ro?‘?s. 

•ron^distrlbution  chsrt. 

(c)  Determine  the  exheust  region  preeaure,  p^^, 

flow  in  the  diffuser  section  for  msximxsn  mess  rets  of  flow. 

(d^  Plot  (p/p  )  Slone  the  nosnle  axis  for  the  flow  of  pert  c  end 
^  ^  Sketch  tSS  process  on  the  M  dlsgrmn  for  exhaust  to  p^. 

(e)  Calculate  the  mass  rate  of  flow 

^  ^  p  »  285  P*l*  •“*  pressure  distribution  for  this  case. 

Sketch  process  on  appropriate  T-S  diagram. 

(Note  that  P^nlet^  flow*) 

(f)  Plot  the  pressure  distribution  when  the  mass  flow  is  0.5  slues  per 


see. 


MASS  RATE  OF  FLOW  HR  UNIT  ARBA<^  v/l 


Ml  ^7 


HtESSURS  RATIO  p/p^ 
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9.3 


Subsonle 


iXl 

^  p 

AP 

M 

0.00 

.0000 

0.50 

Functions  of  Mnoh  Ntanbcr 


'  W- 


SupTCO^C 

*  I 

JP 


.0092 

•0164 

.0275 

.0367 

•0459 

.0551 

.0643 

.0743 

.0826 

.0916 

.1010 

.1102 

.1195 

.1287 

.1379 

.1471 

.1564 

.1656 

.1749 

.1842 

.1934 

.2027 

.2120 

.2213 

.2307 

.2400 

.2494 

.2588 

.2682 

.2776 

.2870 

.2965 

.3059 

.3154 

.3249 

.3344 

.3440 

.3535 

.3631 

.3727 

.3623 

.3919 

.4016 

.4112 

.4210 

.4307 

.4404 

.4502 

.4800 

.4898 


.51 

.52 

.53 

•5k 

•55 

.56 

^7 

^8 

.59 

•60 

.61 

.62 

.63 

.64 

.65 

.66 

.67 

.68 

.69 

.70 

.71 

.72 

.73 

.74 

.75 

.76 

.77 

.78 

.79 

.80 

.81 

.82 

.63 

.84 

.85 

.86 

.87 

.88 

.89 

.90 

.91 

.92 

.93 

.94 

.95 

.96 

.97 

.98 

.99 

1.00 


.4698 

.4797 

.4395 

.4995 

.5094 

.5194 

.5294 

.5394 

.5494 

.5595 

.5696 

.5797 

.5899 

.6001 

.6103 

.6206 

.6309 

.6412 

.6516 

.6620 

.6724 

.6829 

.6934 

.7040 

.7145 

.7252 

.7358 

.7465 

•1572 

.7680 

.7788 
.7897 
.8006 
.8115 
i  .8225 
■  .8335 

.8445 

.8556 

.8667 

.8891 

.9004 

.9117 

.9231 

.9344 

.9459 

.9574 

.9689 
.9805 
[  .9921 
P..0038 


1.00 

1.01 

1.02 

1.03 

1.04 

1.05 

i.o6 

1.07 

1.08 

1.09 

1.10 

1.11 

1.12 

1.13 

1.14 

1.15 

1.16 

1.17 

1.18 

1.19 

1.20 
1.21 
1.22 

1.23 

1.24 

1.25 

1.26 

1.27 

1.28 

1.29 

1.30 

1.31 

1.32 

1.33 

1.34 

1.35 

1.36 

1.37 

1.38 

1.39 
]  .40 
1.41 

l.i|2 

l.i43 

1.44 

1.45 

1.46 

1.47 

1.48 

1.49 

1.50 


1.004 

1.016 

1.027: 

1.039 

1.Q51 

1.063 

1.075 

1.087 

1.099 

1.101 

1.123 

1.135 

1.148 

1.160 

1.172 

1.185 

1.197 

1.210 

1.212 

1.235 

1.247 

1.260 

1.273 

1.286 

1.299 

1.312 

1.325 

1.338 

1.351 

1.364 

1.377 

1.390 

1.404 

1.^17 

1.431 

1.444 

1.458 

1.471 

1.485 

1.499 

1.512 

1.526 

1.540 

1.554 

1.^68 

1.582 

1.596 

1.611 

1.625 

1.639 

1.654 


1.50 

1.51 

1.52 

1.53 

1.54 

1.55 

1.56 

1.57 

1.58 

1.59 

1.60 

1.61 

1.62 

1.63 

1.64 

1.65 

1.66 

1.67 

1.68 

1.69 

1.70 

1.71 

1.72 

1.73 

1.74 

1.75 

1.76 

1.77 

1.78 

1.79 

1.80 
1.81 
1.82 

1.83 

1.84 

1.85 

1.86 

1.87 

1.88 

1.89 

1.90 

1.91 

1.92 

1.93 

1.94 

1-95 

1.96 

1.97 

1.98 

1.99 
2.00 


1.654 

1.668 

1.662 

1.697 

1.712 

1.726 

1.741 

1.756 

1.771 

1.786 

1.801 

I.S16 

1.831 

1.846 

1.862 

1.877 

1.892 

1.906 

1.923 

1.939 

1.954 

1.970 

1.986 

2.002 

2.018 

2.034 

2.050 

2.066 

2.062 

2.098 

2.114 

2.131 

2.147 

2.164 

2.180 

2.197 

2.214 

2.230 

2.247 

2.264 

2.281 

2.298 

2.315 

2.332 

2.350 

2.367 

2.384 

2.i|02 

2.419 

2.437 

2.454 
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lO.l  Starting  with  •r  z.  kRT  and  using  relations  deTsloped  in  note  10 
ahow  that 


•  1-M^ 

10.2  Show  that  in  aubaonie  isantropie  flow 


0 

dA  ^ 


and  Tice  rersa  for  auperaonic  flow* 
10*3  Deriwe 


(•) 


k-1  2 


A 


^  <  0 
dA  ^ 


^  >  0 
dA 


■  K.tl 

2(k-l) 


using  energy  equation,  equation  for  Telocity  of  sound,  and  defini¬ 
tion  of  starred  quantities.  Show  that  (a)  reduces  to 


4 


10*4  A  supersonic  wind  tunnel  is  to  be  designed  for  a  test  section  Mach 
nvsaber  of  1.3*  The  inlet  conditions  to  the  tunnel  are  to  be 

P2  m  10*6  psia  Aj^  *  1*2  ft^ 

Pq  i  14«7  psia  •  600®  R 

(a)  What  is  the  required  test  section  areaT 

(b)  Find  T.  p.  T  and  w  in  the  test  section 

(e)  If  the  tunnel  exit  area  is  0*2  ft.^  greater  than  the 
test  section  area  what  is  the  limiting  exhaust  region 
pressure  for  sonic  throat  conditions  wibh  p^  14*7 
and  Tq-  600°  B7 

(d)  Will  the  test  section  conditions  correspond  to  those  of 
part  (b)  up  to  the  exhaust  region  pressure  of  pert  (a)? 


t 


MB  257 


P12.1 


12.1  Draw  the  pressure  distribution  throia^  the  nOzzle  of  problem  9.I 
assuming  a  normal  shook  occurs  at  the  station  corresponding  to 
(p/Po)  ^  0.2  with  rerersible  flow  else%fhere.  What  exit  region 
pressure  is  required  to  produce  this  flow? 

12.2  A  supersonic  diffuser  is  operating  with  a  supersonic  inlet  stream 
Telocity  and  with  a  normal  shock  in  the  diffuser  at  station  (2) 
as  shown  below.  The  stream  Telocity  is  reduced  to  a  negligible 
magnitude  at  the  exit  of  the  diffuser. 


(1)  (2)  (3) 


inlet  normal  throat 
shock 


Sketch  the  flow  process  through  the  diffuser  on  a  T-s  diagram 
indicating  on  the  temperature  axis 

(a)  T9j,  Ty. 

Also  sketch  in  pressure  lines  eorresxwnding  to 

(b)  p  ,  p*  .  p  ,  p*  . 

X  J 

Make  the  sketch  sufficiently  large  to  be  clear*  (Use  a  whole 
page  for  the  diagram  if  desired)* 
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13«1  (a)  A  v»dc»  with  Ineludad  aagl*  at  209  is  plsosd  in  s  flow  which 

Po  »  100  pnis.  p  «  20  psis,  sad  Tq  *  6OO  F.  Whst  srs  the 
exit  atrssa  propsrtiss  frea  the  sttsohsd  plsM  shook  that 
results,  i.a..  p,  T,  M,  T,  p^,  and 

(b)  What  is  ths  asTlaM  p  possible  in  this  flow  for  sn  sttsohed 
shook  ware  to  ocourt 

(o)  Vhat  is  the  sMixiauBi  included  wadd*  anitle  for  an  sttsohed  shook 
to  occur  in  the  flow  of  (s)t 
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14*1  Assume  s  flow  to  orlsinste  In  s  Isrge  rsssrroir  with  T  *  540^  Rt 
p  «75*1  P>i*t  snd,  arbltrsrilj,  m  «  100  ■  ■  ^  i  Let  the  flew 

sluc^  R 

proceed  through  e  ooxrrergent  nozzle  to  a  0»4»  thence  throti^  e 
slsiple  frlctlonel  duct.  Plot  the  locus  of  fluid  states  (Fenno 
line.  In  the  camputetlons  let  T  ^  503 1  492*  450.  372,  end  3420  p, 
respectlrely.  J 

14*2  To  ceuse  the  flow  of  12.1  to  proceed  from  M  ^  0.4  to  M*1.0 

requires  e  certain  duet  len^h  and  exhaust  region  pressure  ^  p* 
of  the  Fanno  line.  Suppose  these  conditions  are  met  such  that 
M  1  at  exit  of  duet  and  then  the  duct  length  Is  Increased, 
ererythlng  else  remaining  I'ixcd.  Sketch  on  the  T*s  ehaz*t  of 
problem  14*1  the  new  flow  process* 


300 


(°R) 
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15.1  520®  R 


»  40*  Bg 


Pi  »  24-  He: 


Po  33.7  Hg 


1 

£ 

(1) 


(2) 


Barnaater  •  29,5*  Hg 
Tuba  diaaatar  *  0»760' 


Tind  f riot ion  factor  f. 


f  »  0.0067 


15.2  Vhat  la  force  of  fluid  on  pi pa  of  (15*1}  betwean  sactiona  (1) 
and  (2)t  Ana.  3^^ 


15.3  flowing  through  a  circular  pipe  of  lj|^  dlanater  with 

following  Inlet  conditions. 


Pq^»  18  psla 

Pi  s  13*18  psia 

p_  »  600®  R 
®1 


friction  factor  f  «  0.0025 


(a)  Zf  Mach  equals  one  at  pipe  exit,  what  Is  pipe  length  and 
maximum  discharge  region  pressure?  <^Dax  •  107*  p  »  7.11  psia) 

(b)  If  pipe  is  60*  long  what  discharge  region  pressure  Is  re¬ 
quired  to  maintain  abore  Inlet  conditions?  (12.38  psia) 

(c)  With  pipe  length  s  60*  and  back  pressure  ~  7*11  psia  what  In' 
w/A?  (1.44  slugs/sae-ft^. ) 

(d)  Zf  after  condition  (b)  is  established,  the  pipe  length  Is  in¬ 
creased  to  107”  what  is  (w/A)?  (1.13  slugs/sec-ft^. ) 

15*4  Consider  the  supersonic  flow  of  air  In  a  1”  diameter  pipe  with 
fir  0.0023  and  with  following  inlet  conditions 


**01^ 


20  psia 


Pi”  2.53  psia 


MK  Z57 
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a.  Vhat  pipe  leza^h  and  eschaust  presaure  will  glTe  M  -  1  at  pipe  exit? 
<^x  =  30.5*  P  =  6.25  P«la) 

^  pip*  length  la  Inoreaaed  beyond  the  ralue  determined  abore 
and  the  exhauat  preaaure  remaina  eonatant  will  the  pipe  inlet 
conditiona  change  immediately  or  only  after  a  certain  pipe  length 
haa  been  reached?  Explain. 

c.  Vhat  pipe  length  ia  required  to  produce  a  shock  in  the  flow  at  the 
point  ccrreapondlng  to  K*  1.7  (l.e.  the  shock  inlet  Kach  number, 

equBla  1.71)?  (45. 4") 

d.  Compute  and  W^. 

e.  Vhat  ia  maximian  pipe  length  for  sonic  flow  in  nozzle  throat  and  at 
pipe  exit  and  aubaonlc  flow  elaewhere  in  ayatero?  (293*) 


\ 
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17*1  Fov  flow  with  slmpl*  mftmetm  show  that 

iES.  ^  0  lE  <:<l  for  M<1 

dT^  "o  /  >0  for  M>1 

17*2  Air  Is  flowing  through  *  frletlonlsss  oonotnat  srss  duot  with  600 
Btu  of  host  sddsd  x>sr  slug  of  sir  bstwssn  stations  (1)  and  (2). 
For  tha  eondltlons 


- 

<1)  (2) 


75  pala 


Pj,^*100  psla 
*Oi*  560®  B 


glTen  with  figure  determlzM  p  and  E  .  (See  problem  7.7  for 
ans%rer8 )  A 

17«3  ^  ramjat  eorabuetor  of  oonstant  area  Is  operating  eold  (no  fuel 

flow)  with  following  inlet  eondltlons 

Pq  9  21.3a  psla  s  500®  R 

p^  s.  18  psla  ^1  * 


a.  Assuming  friotlonleas  flow  what  Is  —xlmum  permissible  heat¬ 
ing  between  Inlet  and  exit  without  affecting  Inlet  oonditionsT 

(T*^  .  725®  B) 

b«  If  774  Btu  per  slug  of  air  are  added  between  (1)  and  (2)  what 
are  tha  ocmbustor  exit  eondltlons  and  xaass  rate  of  flow? 

e^  Assume  combustion  glTos  T  •  2000*’  R.  ¥hat  are  the  new  inlet 
conditions  and  new  mass  rsfe  of  flow? 


I 

1 
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18«1  A  eonTergent-dlT«rg«nt  diffuaer  la  to  be  deai^ned  for  a  Maeh 

Nunbar  of  2.  Aaaumlnit  no  friction,  compare  the  efficiency  and 
th#  percent  loaa  in  atagnation  preaaiure  for  the  following  caaea: 

(a)  The  bast  poaaibla  design  is  employed. 

^  (b)  The  design  ia  eonserrat ire .  with  a  throat  area  5%  larger  than 

that  required  for  starting,  and  with  the  shock  located  during 
operation  at  an  area  5^  greater  than  the  throat  area. 

(c)  The  conrerging  portion  ia  eliminated,  and  the  process  com- 
prises  a  normal  shock  followed  by  rererslble  subsonic  com* 
presslon. 

18.2  A  ram  jet  aircraft  is  tc  fly  at  40.000  ft  altitude  with  a  speed  of 
2000  mph. 

(a)  Design  the  best  conTergentHliTergent  diffuser  for  this  air¬ 
craft.  and  compute  for  it  the  efficiency  and  the  percent  loss 
in  stagnation  pressure. 

(b)  Suppose  that  it  were  possible  to  oTsr speed  the  aircraft  to 
2400  mph.  Design  the  best  conrergent-diTergent  diffuser  which 
could  then  be  \xsed.  and  find  for  it  the  efficiency  and  the 
percent  loss  in  stagnation  pressure  at  the  operating  speed  of 
2000  mph. 

(c)  Below  what  flight  speed  will  the  shook  always  be  disgorged. 

18.3  A  supersonic  wind  tunnel  is  to  be  designed  for  a  Mach  Number  of 
two  with  a  test  section  one  sq  ft  in  area.  The  general  arrangement 
of  the  tunnel  will  be  as  follows  > 

Air  will  be  taken  from  the  atmosphere  (14*7  psia.  70iF)  and  will  be 
accelerated  to  a  Mach  No.  of  2  in  a  conTerglng-diTerging  nozzle, 
ft’om  the  test  section  the  air  will  be  diffviaed  to  substantially 
zero  Telocity  in  a  diffuser  and  will  then  be  discharged  to  the 
atmosphere  by  a  compressor. 

The  design  of  the  tunnel  and  compressor  «rill  be  based  on  the  follow¬ 
ing  assumptions}  (1)  The  nozzle  is  frictionless  to  the  throat, 
while  the  owerall  efficiency  (^h/^^h.)  of  the  nozzle,  from  entrance 
to  exit,  is  35%.  (2)  Althougd^  an  attempt  will  be  made  to  diffuse 

the  supersonic  streem  through  a  throat ,  for  purposes  of  design  the 
assupption  will  be  made  that  the  stream  with  M  2  passes  throu^ 
a  normal  shook  and  that  the  subsonic  stream  is  then  diffused  with 
an  efficiency  h^/^  h)  of  80%.  The  conserTatiTe  nature  of  this 
asstaption  will  tend  to  balance  the  fact  that  no  account  is  taken 
of  losses  in  the  test  section.  (3)  The  compressor  has  an  efficiency. 
(Ah-/^h)  based  on  the  rerersible  adiabatic  work  of  compression  of 
82%. 

^  (a)  Make  a  sketch,  to  scale,  of  this  tunnel,  assuming  that  passage- 

I  ways  are  round  in  cross-section. 

(b)  Indicate  on  the  sketch  the  pressure  (psia)  and  temperature  (f) 
at  the  test  section,  at  the  entrance  to  the  compressor,  and  at 
the  exit  of  the  compressor. 

(c)  Specify  the  diameter  of  the  nozzle  throat. 

(d)  Specify,  for  the  compressor,  the  pressure  ratio,  the  Toluse  rate 
of  flow  at  inlet  (efts),  and  the  horsepower  required  for  operation. 
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Suppose  that  a  blast  wsto  which  ml^t  hawe  been  initiated  by  an 
atcDiie  bomb  explosion  is  trsTellng  through  air  at  standard  at- 
oospherie  conditions  with  a  speed  of  200 *000  ft/sec« 

BstlAate  the  changes  in  pressure  (atm),  temperature  stagnation 

pressure  (atm),  stagnation  temperature  (W),  and  Telocity  (ft/sec) 
produced  by  the  ware  with  respect  to  an  obserwer  who  is  stationary 
with  respect  to  the  undistnnbed  air. 


